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Bending of a Circular Beam Resting on an 


Elastic Foundation 


By ENRICO VOLTERRA,' CHICAGO, ILI 


Saint Venant’s equations (1)? for a circular beam, bent 
out of its plane of initial curvature, are applied to the 
study of the deflections of beams resting on elastic founda- 
tions and loaded by concentrated symmetric forces. The 
solution of the problem is given in explicit form, and tables 
for the deflections, angles of twist, bending and twisting 


moments are presented. 


NOMENCLATURI 


wing nomenclature is used in the paper 
bending moment 

twisting moment 

displacement of axis of beam in direction perpendicular to 
plane of beam 
ingle of twist 


initial curvature of center line of beam 


moment of inertia of cross section of beam with respect 
lo I-AaXis 

torsional rigidity of beam 

Young’s modulus of beam 

v/R 

C/(El 

EIL,/R 

concentrated force 

elastic constant of the foundation 


angular distance between points of application of ex- 
ternal forces 

(KR‘)/(El 

(R?P/EI 


INTRODUCTION 


The object of the paper is to analyze the deflections of circular 
beams resting on elastic foundations and loaded by symmetric 
concentrated forces acting in a plane perpendicular to the plane 
of the original curvature of the beam and at an angular distance 
27 (see Figs 1 and 2 

The foundation is supposed to react following the classical 
Winkler and Zimmerman hypothesis, i.e., the reaction forces due 
to the foundation are proportional at every point to the deflection 
of the beam at that point (2, 3, 4 

The author is unaware that this problem has been so far dealt 
with in previous technical papers, although it occurs very often in 
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ommon application being the case of circular 


tanks, 


study of a 


practice, Its most 


beams used as foundations of reinforced-concrete water 


The 


practical problem of this type 


Fig. | present paper was originated by the 


The following assumptions will be made 


The beam has constant inertia characteristics EJ, and its axis 


is a cirele of radius R. At equidistant points equal concentrated 


forces P are applied, the angular distance between the forces 


being indicated by 2y, Fig. 2. By using Saint Venant’s equa 
tions for a curved beam bent out of its plane of initial curvature 


1, 5, 6, 7), it is possible to solve the problem in explicit form 


i.e., to express the deflections, angles of twist, bending and twist- 
ing moments of the beam at each pont as tune tions of the external 
applied forces P, of the inertia characteristics E/, of the beam, of 
the elastic constant K of the foundation, and of the angle 27 
The solution in explicit form is worked out in the Appendix of the 
paper. For particular values of the angles 2y, namely, 2y 
= 120°, 90°, 60°, 45°, 


ingles of twist 


30°, tables giving the values of the defle« 
pre- 


tions bending and twisting moments are 


sented. 


Bexpinc or A Curvep Beam Our or Its PLANe or Inrriat 


CURVATURE 


Let us consider a curved beam, built in at one end, having con- 


stant inertia characteristics, Fig. 3. The beam will be referred to 
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a system of rectangular co-ordinates OX YZ with the origin O at 
the centroid of the cross section, the axes X and Y coinciding with 
the prim ipal ixes of inertia of the cross section, and the axis Z 
with the tangent to the center line at O. The pl une XZ coincides 
with the horizontal plane of the initial curvature of the beam, the 
positive direction of X being toward the center of curvature, Y 
is directed positive downward, Z is taken positive away from the 
and the center line is measured from 
the built-in end 

The displacement of the centroid O during bending is resolved 
w in the directions of the X, Y, and 


built-in end, aire s of the 


into three components, u, ?, 


Z-axes, respectively The angle of twist 8 of the cross section 
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counter- 


| 
in ele 


ibout the Z-axis is taken positive when r tion is 
ition of 


clockwise with respect to the Z-axis 


ment of the curved bar cut out by two jacent cross sections 


consists of two bendings in the principal planes XZ and ¥Z, and of 
a twist about the Z-axis. If W,, W,, VW, are th 
cross section at O about the X, Y, Z respectively 


two principal 


yments on the 
their 
positive directions are shown in Fig. 3), E/,, FE] 
flexural rigidities, C the torsional rigidity, 1 7 nitial curva 
ture of the center line of the bar, the equat 

changes in curvature (1/R,; 1/R 


El 


The expressions for the 


w, and 8B are (7 


urvatures and twist as fu 


The condition that during bending 
axis of the bar remains unchanged is exp 


By the use of Equations [1], [2], and [3] the displacements 
u, v, w, and the angle 8 can be determined in the 
flections of curved beams 


f small de- 


Crracutar Beam RESTING ON AN ELast! 


In the case of a circular beam resting on ar oundation, 


the displacements u and w can be neglect juations [1 


and [2] reduce to the two equations 


If K is the elastic of the foundation, /’, the external 
concentrated force, 27, the angular distance betwe« 


and 4 


constant 
n the points of 


application of the external forces (see Figs. 2 


PR AR‘ 
El 


while for equilibrium, the following equations must be verified 
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with the boundary 


conditions 


~asured from the center between the points where 


ied, Fig. 4 
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and WV 


values of 


tions B,v, M 
the following 
100: uw l 


ure given in Tables 


the parameters 


MERICAL EXAMPLE 


Suppose radius R = 25 ft, in reinforced con- 


BEAM 


crete [E = 3 
width 30 in 
2y = 45°) 
K = 1500 lb pe 


RESTING ON AN 


with eight concentrated loads P 


ELASTIC FOUNDATION 


10°) pst}! of cross section lepth 30 in., 


square 


75 tons each 


The constant of the foundation is supposed to be 


rin. per in 
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It follows: 


|B = 6.75(10*) in.*, A = 60, uw = 0.7, » = 0.0666, a = 28,125 ft- 
tons, avy = 1873.12 ft-tons. 


In Table 6 the results obtained for this particular case from 
Table 4 are given 


TABLE 6 RESULTS OF NUMERICAL EXAMPI The constants A 
, Me formulas 

radians inches ft-tons ft 

0.0966 0.4122 

0.04766 0.4146 

0.04466 

0.031033 

0.071106 0.4384 
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Appendix 


The solution of Equations [5] and [6] with the boundary con- 
ditions expressed by Equations [7] gives the following expressions 
for the functions y, 8, M@, and M 


1 cosh (mg) + B,; cosh (rg) cos (sy) + Bz sinh (r¢g) sin 


osh (> + D, cosh (re) ce Dz sinh (rg) sin 


meg + aF, cosh (7 + aF, sinh r¢ 


aG sinh (me) + aH, sinh (r¢) cos 


aH, cosh (rg) sin 


re determined from the formulas 
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-e \. ‘ in? WX 
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calculated from the following 


v 


0.04229 5 O25 f 2mT sinh 


s sinh 


cosh 
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The Bending of Uniformly Loaded Sectorial 


Plates With Clamped Edges 


By H. D. CONWAY! ano M 

This paper analyzes the bending of a sectorial plate, 
clamped on all edges and subjected to uniformly distrib- 
uted load, by using two different methods of superposition 
on the elementary solution for a uniformly loaded circular 
plate with a clamped edge. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


= radius of plate 
= polar co-ordinates of a point on plate 
deflection 
Young’s modulus 
thickness of plate 
Poisson’s ratio 
P Eh’ 
flexural rigidity of plate = 
12(1 


INTRODUCTION 


Two methods of superposition on the elementary solution for 
a uniformly loaded circular plate with a clamped edge have been 
investigated. 
in the form of a cosine series is applied normally to a diameter 
of the plate. By superimposing this solution on that for a uni- 
formly loaded plate, the unknown coefficients of the series are 


In the first method, a line distribution of loading 


determined such that the resultant deflections of several points 
along the diameter under the line loading are made equal to 
zero. The maximum deflection and bending moment in a semi- 
circular plate are thus found 

In the second method, a number of concentrated loads are 
applied normally to a diameter of the plate, the magnitudes of 
the loads being adjusted so that the resultant deflections at their 
points of application are zero. The resultant surface is then ap- 
proximately the same as that for two semicircular plates having 
clamped edges and placed with their straight sides in contact 
The method of superposition is then used to calculate the maxi- 
mum deflection. The effect on the maximum deflection of 
varying the location of the concentrated loads is studied, and it 
The 


method, which may be used to analyze any sectorial plate, is 


is found that, within certain limits, this is quite small. 


then applied to the case of a quadrant of a circle, and the maxi- 
mum deflection is again obtained. 


Previous INVESTIGATIONS 


The problem of analyzing the deflections in a uniformly loaded 
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and clamped sectorial plate resolves itself into finding a solution 
of the Lagrange differential equation YVtw = ¢/D, subject to 
the conditions of zero slope and deflection on the boundary. 
This problem has been the subject of a few investigations. 

The first investigation appears to be that of R. Kuno (1)? who 
treated the case of the semicircular plate. Taking the co-ordi- 
nate origin at the center of the straight edge of the plate and 
measuring the angle @ from a line bisecting the plate, Kuno ob- 
served that the equation 


ga‘ r‘ r? 
. ( 2 Ja + cos 26 (1) 
64D \ a‘ a* 


satisfies the differential equation, together with the conditions 


"= 


of zero slope and deflection on the straight edge and zero slope 


on the curved edge. The condition of zero deflection on the 
the curved edge is satisfied by superimposing a solution of the 
equation Vw = 0 to eliminate the deflection left by Equation 
[1] without violating the other boundary conditions It is ob- 
served that the maximum deflection of 0.002016 ga‘t/D occurs on 
a line bisecting the plate and at a radius of 0.4854. The maxi- 
mum bending moment of 0.0734 ga? is radial and occurs at the 
center of the straight edge 
The more general problem of the uniformly loaded and clamped 
plate bounded by two radii and two circular arcs has been dis- 
cussed by Carrier (2). Carrier solves the problem by super- 
imposing two solutions of the differential equation Y‘w = 0 on 
the solution for the simply supported plate. Plots of the bending 
moment along the circular and straight edges are given for three 
cases, in each of which the angle of the sector is 60 deg The 
solution is very tedious to obtain by this method 
In a recent paper, Hassé (3) has discussed the problem of the 
uniformly loaded and clamped semicircular plate using a method 
proposed by Weinstein (4) and later applied to the bending of a 
square plate by Weinstein and Rock (5 By taking six terms of 
the series involved in the calculations, the maximum deflection 
is found to be 0.002022 ga‘/D on a line bisecting the plate and at 
a radius of 0.48594a while, for seven terms, the maximum de- 
flection is 0.002023 qa‘/D at a radius of 0.48587a. It may be 
mentioned that Weinstein’s method has been used by Stiles (6) in 
his analysis of clamped rectangular plates 
In a recent paper, Carrier and Shaw (7) have shown how the 
use of eigenfunctions can facilitate the analysis of clamped-plate 
problems They consider the case of a uniformly loaded sectorial 
plate in which the angle between the radii is 60 deg 
Tue First Meruop 
Analysis. Consider the case of a clamped circular plate along 
a diameter of which a line distribution of loading in the form 
mr 
I — 9 


«fl 


is applied, Fig. 1. The intensity of the load q in the Lagrange 
differential equation may be represented by the series 

* Numbers in parentheses refer to the Bibliography at the end 
of the paper 





~ 
p= 1f 





Consequently, the complete solution of Equation 


= 
~ 


m 6 


Along the radius OA (or OB), 6 = 0 (or 0 = a). the expression 


for the deflection is, after rearranging terms 


ps 


and the differential equation is 


inmr /\ , 
+ cos mo 
6 


2a 2 —_ rl 


m 


For the first term on the right side of Equation 3] the deflection 


w,) may be found by direct integration, and the constants of inte- 
gration can be determined from the boundary conditions at the 
clamped edge and from the condition that the deflection, 
the slope, and the bending moment must be finite at the center 


of the circular plate. Thus 


} 


Along the radius OC, @ = w/2 and 


ydy* 
and §=Si(xr) = 


/o0 y 


For the general term on the right side of Equation [3] the solu- 
tion w,, is obtained by the method of variation of parameters. 
The constants of integration are also determined from the con- 
Tt follows 


ditions at the boundary and at the center of the plate 


that 


z 


m >4¢ 


At the center of the plate, w ; 
If the line distribution of loading is represented by a 


cosine 


cos m0 S cam 


* The integral Si(r) is the so-called sine integral and is a tabulated > 


Tables of Sine, Cosine, and Exponential 
I and IT, 1940, Washington, D. C 1,3,5 


function: see, for instance 


Integrals."’ by A. N. Lowan, vols 
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for the deflection is simply, from Equations [4] 


=) 


The solution of a clamped semicircular plate can then be 


the expression 


[5], and [6 


{10} 


2,4,6 


ob- 
tained by superimposing Equation [10] on the elementary solu- 
tion for a uniformly loaded, clamped circular plate in such a way 
that the resultant deflections along the radius OA (and OB) are 
zero Although it 
into a Fourier cosine series and then obtain an infinite number of 


would be possible to expand Equation [7] 


equations containing infinite number of unknowns A,, the pro- 
cedure to get the Fourier coefficients would be long and tedious. 
A simpler procedure is to determine a certain number of un- 
knowns from the condition that the resultant 
zero at an equal number of points of equal distance apart along 
the radius OA (or OB). By taking three terms in Equation [9], 
the values of A; necessary to produce zero deflections at z = 0 


deflections are 


z=1/3,andz = 2/3are 


A, = 0.67528 ga/D, A; = —0.08701 qa/D, Ag = 0.06140 ga/D. 


Substituting these values in Equations [8! and [10] and using 
the deflection equation for a uniformly loaded clamped circular 
plate 


=! (@ [11] 
64D 

the resultant deflection for the semicircular plate is found by 

superposition. At the point z = 0.485 on the bisector of the 

plate, the deflection is 0.0020202 ga*/D which agrees very closely 

with the previous results. 

mw), the bending 


* 


Assuming that the resultant deflections along the straight edge 


Along the straight edge, where 6 = 0 (or 6 = 
moment in the tangential direction is 


1 Ow 1 Ow O*u 
D t +¥ 


(Meno = 
’ r or r? of or? 


of the semicircular plate are made exactly zero by the super- 
position, the bending moment (.V,)g=o9 at the middle of the edge 


1s 


qa* 
(M, @=-0 = 


out 16 


By using three terms, this value is found to be —0.07341 ga* which 


is in very good agreement with Kuno’s result. 
Tue Seconp Meruop 


Analysis. The second method proposed here begins with the 
elementary solution to the uniformly loaded and clamped circu- 
lar plate. By superimposing a line distribution of loading nor- 
mal to a diameter of the plate, the deflection at every point on the 
diameter could be made zero and the resulting case of the clamped 
semicircular plate could be analyzed. For computing the de- 
flections produced by the line distribution of loading, use could 
be made of the Michell (8) solution for the clamped circular plate 
carrving a concentrated load. 


LOADED SECTORIAL PLATES WITH CLAMPED EDGES 7 


However, since the approximate location of the maximum de- 
flection in a clamped semicircular plate may be found by inspec- 
tion, the foregoing procedure can be simplified greatly Instead 
of applying a line distribution of loading, several concentrated 
loads may be applied to a diameter of the circular plate and the 
magnitudes of these loads adjusted so that the resultant deflec- 
tions under their points of application are zero. Since it is ap- 
parent that the maximum deflection occurs on a line bisecting the 


at a radius of about r = a/2, 


semicircular plate an the cuncen- 
trated loads should be loeated fairly near the center of the circu- 
lar platelto obtain the most accurate results 

The deflection at a radius r on a uniformly loaded and clamped 


circular plate of radius a is 


11) 





Fig. 2 


Referring to Fig. 2, the deflection at point B due to a concentrated 
load W at A is, according to Michell 


Wr l ( b*r’? 
SrbD | 2 \ a*r? 


b 
1) loge ] 
ar J 
These are the only basic formulas required in the discussion 
Five concentrated loads were applied to a diameter of the cir- 


cular plate, one being located at the center, and two on each side 
The load at 
the center is denoted P and those at radii a/6 and a/3 are de- 
noted Q and R, respectively. By the use of Equations [11] and 
13], the values of the concentrated loads necessary to produce 


of the center at radii of a/6 and a/3, respectively 


zero resultant deflections at their points of application are 


P = 0.175330 qa*; Q = 0.095087 ga*; R = 0.344401 ga? 


The resultant deflection at a point on the bisector of the seme 


circle and at radius r is then 


P 
(a? 
lérD 


rc 


@ erg 
ooa* 
28k) 


R 
Ra? 
=a 
72mD LL 


From Equation [14 
mum deflection was found to be 0.0020203 qa‘/D at a radius r = 
0.4864. 
sults of Kuno and Hassé which have already been quoted. 


and using interpolation methods, the maxi- 
This is in exceptionally good agreement with the re- 


In order to observe the effect of using a smaller number of 
concentrated loads at increased radii, it was decided to apply 
three loads, P at the center and Q at radii a/2 on each side of the 
center. It is obvious that such a procedure will produce less 
accurate results than the previous five loads 
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The loads necessary to produce zero deflections at their points 


of application are, in this case, 


P = 0.499997 qa*;  Q = 0.353723 ga? 


The deflection at « radius r = 0.4864 for this case was found 
to be 0.0021732 qa It is there- 
fore apparent that if the number and position of the concen- 
trated loads are carefully chosen, very accurate results will be ob- 


D or about 7 per cent too large. 


tained 

The present method was next applied to the solution of a 
clamped plate in the form of a quadrant of a circle. In this 
case, nine concentrated loads were applied to two diameters, at 
right angles, of the uniformly loaded and clamped plate, one load 
being at the center, four at radii a/4 and four at radii a/2. De- 
noting the load at the center by P, the loads at radii a/4 by Q 
and those at radii a/2 by R, the values of the loads ne« essary to 
produce zero resultant deflections at their points of application 


are, from Equations [11] and [13 
P = 0.022450 ga?; @Q = 0.121098 gat; R = 0.243396 ga* 
The maximum deflection occurs on a line bisecting the quad- 

rant, and from Equations [11] and [13] the deflection at a point 

on this bisector and at radius r is 


q ; P a’ 
(a? 2)2 (a? r? log 
64D l6rD r3 


Ad 4 l 
30(a? r3 (a? 3 V 2 ar) log 
128% D 


l6a* + r? $y/2ar 


a® + 16r? 4v/2ar 
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, l6a* +r? +4 2 ar 
(a? + l6r? + 4/2 ar) log > | 
a 


2+ 16r? + 44/2ar 
R 
32rD 
2vV/2ar 


2v/2ar 


2vV 2ar ‘. 
- 15 
2\/2ar 


maximum de- 
0.594a, 


From Equation [15] and by interpolation, the 


flection was found to be 0.00071655 ga‘/D at a radius 
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Bending of a Cylindrically Aeolotropic 
Circular Plate With Eccentric Load 


By A. M. SEN GUPTA,' SIBPUR, HOWRAH, WEST BENGAI 


The problem of small-deflection theory applicable to 
plates of cylindrically aeolotropic material has been de- 
veloped, and expressions for moments and deflections pro- 
duced have been found by Carrier? in some symmetrical 
cases under uniform lateral loadings and with different 
boundary conditions. The author has also found the 
moments and deflection in the case of an unsymmetrical 
bending of a plate loaded by a distribution of pressure of 
the form p= por cos 9, with clamped edge. The object 
of the present paper is to investigate the problem of the 
bending of a cylindrically aeolotropic circular plate of 
uniform thickness under a concentrated load P applied at 
a point A at a distance 6 from the center, the edge being 
clamped. 


NOMENCLATURE 


The following nomenclature is used in the paper: 


r, 0, z = 


¢,, €0,¥0 = 


cylindric al co-ordinates 
radial, tangential, and shear strains 
0.,0¢@,7-¢ = radial, tangential, and shear stresses 
a,,(i,j = 1,2, 6) = elastic constants 
= radial, tangential, and longitudinal displacements 
M,, Me, M.o, Me- = bending and twisting moments acting on per 
unit length of element dr, rd@ 
= shear forves per unit length of element 
fc = Ay/( and a*\>) 
= a:/an 
Q2/ ai 
thickness of plate 
applied lateral load per unit area of element 
9 


' = A%k/12, 0 


l/fa,o = 0'/a@ 
Poisson's ratio 
? = Young’s modulus of elasticity 
= h®E/12(1 v?) 
= E£/A1 +» 
= deflection of outer and inner portion of plate 
=Va 


+ da), =(P.. = 


roots of equation? 


! Department of Mathematics, Bengal Engineering College 

? **The Bending of the Cylindrically Aeolotropic Plate."’ by G. F. 
Carrier, Trans. ASME, vol. 66, 1944, p. 129. 

*For ¢ > Vc both the values of \* are real and positive for all 
values of m 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting. Atlantic City, N. J.. November 25-30, 1951, 
of THe AMERICAN Socrety OF Mecuanicat ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 10, 1952, for publication at a later date Discussion re- 
ceived after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, August 18, 1950. Paper No. 51—A-17 


INDIA 
c\ 


tk, = roots of foregoing equation when m = 1 


MaTHematicaL TREATMENT 


Let the origin ot co-ordinates be at the center of the middle 
plane which coincides with the r@-plane and the axis of Z normal 
to this plane considered positive downward. We 
in the case of isotropy, that linear elements perpendicular to the 


assume, as 


middle plane of the plate before bending remain straight and 
normal to the deflection surface of the plate after bending. 
Further, it is assumed that the thickness of the plate is constant 
and small in comparison with the radius of the plate, so that the 
effects of the normal and shearing forces o., T,., Te, on the de- 
flection are negligible 

Under these assumptions we have for a case of plane stress 
in the r@-plane 


= 2j20¢@ + And, 
= 400 + ad, 


Vie = Autre 
The relations between strain and displacements are 


r)( dv /06 [2] 


v6 v/r + 1/r(du/d@) 


«= (1 


Assuming that the neutral surface (z = 0) remains undisplaced 
horizontally, we can take the values of u and v at any point 2 
as given by 

2(0w/ Or) (3) 
z/r( dw /29) 7 
The equations of equilibrium of the element dr rd@ are 


(M Me) Q = 90 


M 6 Qe = ( 


where 


d*w 


dr* 


l dw 
r? d@ 
d (: dw 
dr\r dé 


we obtain the following dif- 


Mv Me, = D'(o’ + B) 


From Equations [4] 
ferential equation 


and [5] 
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It is to be noted here that for a particular case of isotropy 
taking vy = , the value of ae /a 
\rovorroric CrrcuLaR PLATE 


8 
1s 


2a a‘ 
r? dr%d@? 

. BENDING OF A CYLINDRICALLY 

Unper A Concentrated Loap / 

lied at a point A at a distance 

Now, considering the plate 

f radius b 


d‘ 


dr’ 
We assume that the load P’ is app 


» from the center 0 of the plate 
as divided into two parts by the cylindrical section o 
ean find the deflection for each of these portions of the plate 


of Carrier 


as equation 7 
the first two I quations 0 


Equation 6] is the same 
Using Equations [5] we obtain from 

we 
from the solution of the equation 


20 d 
irtdB? 3 drd? 


For the solution of this equation® we assul 


11 


where Ro, Ry, Re »2 are functions of the radial distance 
Now, if the angle @ is measured from the radius OA, 
of the Solution 


only. 
ontaining 


sotropy, 


In the particular case of 1 
ld retain only 


we shou 
ll 
Hence, fi 


plate 


w the outer portion of th 


ee, 3 oe 


| 
=@ and D 
w 


Ce 


On substitution of these values, Equations 6], and {7 vl 

where 

reduce, respectively, to equations 160, 162, and 161 of 
Timoshenko. * 

LIMITATIONS OF THE THEORY 

irds the limitations in the values of the elastic constant 


As reg 
under which this theory is applicable to cylindrically aeolotropi 


1, Le to Say 
fe 


plates, Carrier? observes that we must restrict the values of bot! 
for the 


We also get similar expressions 
hk responding to the inner portion of the plate 
B 


the inner portion of the plate the constants A 
1. B.C... D., and noting that 


deflection, and 


dyo/ax and —ay:/ay between 0 and 
Pp 


m> 
instead of the constants fro! 
‘onditions that moments shear forces must 
finite at the center of the plate, we have 


restrictions re 5 is 0 
= 


put torware irrive at the 
and 12d, are based upon the 


observed in 


The arguments 
garding the values of —ay 
probability that certain properties isotropic ma 
terials will be retained by the aeolotropic material, and henes 
ypothetical in nature 

regarding their 


R 


those arguments are 
with the assumptions mace 


Now, onsistent 
it is found that the 


values in previous papers 
a tfand 9 


Conditions 


ire fulfilled if we assume 

On the gth of this hypothesis, the owing values hz 
been used in this problem 
f the Series [12], we have to determine six 


1 of the plate 


tor the outer portion and two 


Thus, for each term o 
| 
onstants, namely, tour 
McGraw-H . 
1940 wr the inner portior 
lhe six equations necessary for the determination 
boundary conditio 


=. Timoshe 
1 London, England 
Aeolotroy Plates I 
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onditions of continuity along the circle of radius / 
f the plate is clamped 
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BENDING OF A CYLINDRIC 


CIRCULAR PLATE 


ALLY AEKOLOTROPK 


As there are no external moments applied along the circle of 
radius 6, we obtain from the conditions of continuity along the 


circle 
d?w, e 
ae lorr 


ir’ dr® dr? 


lw, d*w 


is continuous at all points of the circle 


Finally, since Q, 
it has a discontinuity, we 


except at the point A, where 


ast equation necessary 
rhus representing the load P in a series of the form 
a 
mh > { 
) > 7 COs 6 { 


Ld m=1 


and using for Q, the symbolical expression in Equations 


P fi 
mb \2 


six equations obtained from Equations 


get 


D'\X(@ D'| X(@ 


From the 


and [17] the six constants are calculated and functions R,,, 


are found to be as follows 


R 


Pb? 


STP udm Po 


15}, 


Since R,, diminishes rapidly as m increases, only a few terms 
of the Series [12] need be calculated to obtain the deflection at 
any point with sufficient accuracy 

Phe solution Ro which is independent of the 
symmetrical bending of circular plates. Putting b = 
series for Ry, we obtain the deflection for a circular plate under 


entral concentrated load with clamped edge 


ingle @, represents 
0 in the 


is 


is the result given by Carri use 2 It is 


the 


which is the same 


noted that 4 in this paper is 


sare a@ mm Carriers 


to be 
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lor the 
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B 


isotropy the corresponding charac- 


md R fur 


the case of 
teristic double roots tion of the 


form A 


These values of A, R R R,,’ are the same as that given by 


Timoshenko 
Using the functions in Equations 
12} the deflection under the load 


18] we obtain from Equa 
tion as 


ior 


in the series 
t his is evidently 


Timmosher 
of (4r/b? 1 
moments and shear fo 
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” Refe 
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typographical error 
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as otherwise 
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Linear Bending Theory of Isotropic Sandwich 
Plates by an Order-of-Magnitude Analysis 


By GEORGE GERARD,' NEW YORK, N. Y 


By use of an order-of-magnitude analysis, the equi- 
librium and stress-strain relations for the faces and core 
of a sandwich plate are examined in terms of the thickness 
of the plate. The analysis results in a set of simplified 
stress-strain relations for the sandwich plate, in addition 
to which the basic assumptions of previous sandwich-plate 
bending theories are obtained as the end result. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


E = modulus of elasticity 
G = shear modulus, G = E/2(1 + v) 
= core thickness 
= centroidal distance between faces, h = h 
= length 
displacements 
co-ordinate 
E/E 
normal stress 
shear stress 
. Poisson’s ratio 
€ thickness parameter defined by Equation [5] 


axes 


Nore: Barred symbols are used to denote core parameters 


INTRODUCTION 


The development of a linear bending theory for sandwich 
plates which has been given by various investigators*** is based 
upon several fundamental assumptions concerning the behavior 
of the faces and the core. These assumptions are as follows: 


(a) Although the normal to the middle surface of the plate does 
not remain normal after bending, plane sections do remain plane 

(6) The deformability of the core to transverse loads is neg- 
ligible 

c) The face-paralle] stresses in the core are negligible 


With these assumptions a system of equations has been de- 
rived to describe the behavior of the sandwich plate under bend- 
ing loads 
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Discussion re- 


In this paper the complete equilibrium and stress-strain rela- 
tions for the faces and the core of an isotropic sandwich plate are 
considered by examining the orders of magnitude of the stresses 
and displacements in terms of the thickness of the sandwich. 
This procedure is similar to that used by Goodier* in the develop- 
ment of homogeneous thin-plate theory. By use of this ap- 
proach, the three assumptions which form the basis of previous 
sandwich-plate theories are obtained as the results of the order- 
of-magnitude analysis. In addition, a set of simplified stress- 
strain relations is obtained for the sandwich plate which are 
equivalent to results obtained previously 


ORDER-OF- MAGNITUDE ANALYSIS 


The distinguishing feature of a structural element which 
categorizes it as a plate is the fact that its thickness is small rela- 
tive to the other dimensions, that is 


{1] 


To exploit this fact in the order-of-magnitude analysis, the 


equilibrium equations are written as follows 


oo, or 
Xxr/h) 


oo 
Oz/h 


zy 
Hy /h) 
OT, OT, 7 
O(2/h) 


+ 


0 


de, 
O(2/h) 


= 0 
Or/h Hy /h 

The thickness parameter to be used in the order-of-magnitude 
analysis follows from Equation [1] 


h/z,h/y ~ O€ 


where € is a small number. It is also noted that 


As a starting point, the stress o, is chosen to have the value 


a, ~ Oe) (7] 


2 


This relationship is written for convenience and does not involve 


any loss of generality in what follows. 

order-of-magnitude analysis, it is necessary to 
wes, each term in a particular equilibrium 
This assumption is 
yased on the considerations that the order of magnitude of all 


To perform th 
assume that for the 
equation is of the same order of magnitude 
the face stresses is insensitive to the orientation of the axes in the 


plane of the plate (z and y-axes) and that the behavior of the 
faces is little influenced by the presence of the core which is a weak 
elastic medium. From Equations [2], [3], [4], the orders of mag- 
nitude of the face stresses follow directly as given in Table 1. 


*“On the Problems of the Beam and the Plate in the Theory of 


Elasticity,"’ by J. N. Goodier, Transactions of the Royal Society of 
Canada, vol. 32, Section 3, 1938, pp. 65-88 
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rABLE 1 ORDER OF MAGNITIt ) ACE STRESSES Inserting Equation [17] and the magnitude of a,, and T,, 
given in Table 1, into Equations [14], [15], and [16], the order of 
magnitude of the core stresses ¢,, 5, and 7,, can be obtained as 


Ole Ole? Ole 


given in Table 2. From continuity requirement the mag 


. nitude of the other core stresses follow directly from Equatior 
I'he number in parentheses indicates the equation from which 


the magnitude was deduced. 
To determine the magnitude of the core stresses, it is necessary 
TABLE2 ORDEROF MAGNITUDEOFCORI 
to observe the following continuity requirements at the inter- 
+ h/2 ' Ole 


we, tn/e 


a) Displacements u and v must be continuous 

b) zand y derivatives of u and » must be continuous 

r z-direction stress components must be continuous. 

Furthermore, a set of twelve stress-strain relations are neces- Che order of magnitude of the face-parall 
sary to describe completely the behavior of the sandwich ele etermined directly from continuity consideratio 
ment. The equations for face and core can be written jointly i juilibrium conditions. Consequently, if Equation 


the coefficient @ is permitted to assume the following values 


re used in conjunction with the orders 


tresses given in 
a) For the faces a land v, v neglected 
b) For the core which has an elastic modulus, £, @ 


and barred quantities are used to denote core stresses 


al 


rhe magnitude of the dis; 
i quations [8] and [9}, 


or core stresses In « 


To evaluate the order of magnituck 
s necessary to proceed to Equation [12 
of magnitude of w is deduced from Equ 
tion [12] or [13], it is found that Fu Phere 
from Equations [12] and [13] both u and v are not functions of 
which is a contradictory result for the bending problem hi 
ondition (/ 1 Equations [8 slight procedural difficulty is due to the fact that the six stress 
luded that components are functions of only three displacements. Fron 
Equation [12] or [13] it is deduced that 


a ~ ad 


Ol 
~ Wad 


ResuLtTs OF ANALYsI 
~ Oar 
Equation [10], which is the only remaining relationship not 

it the maximum values of the face-parallel cor used in the analysis, can be emploved to deduce the character of 
not exceed appreciably the values at the interface the displacement w in the ’ pla f th her-order 
quations [14] and [15] are valid only for 7 = 0 It terms in € are neglecté 
ywever, that for many materials this is a reasona- 

tior 


cessary to assign an order of magnitude to the coeffi- 

» determine the ore stresses The value of a@ can be 

te conveniently taken as a ~ Of€ Since the value of € is 

small but indefinite, the choice of a suitable value for the exponent 

n to describe a particular sandwich construction, i.e!, the ratio 
of elastic moduli of the core and face, is not given by the preced Uz 

ing considerations. It was found that by letting n = 2, then in 


, . Thus bot ® faces anc re, it can be cone] “ ‘ he 
all cases terms such as €**? appear in the analysis which are rhus, for both the faces and core, it can be concluded that th 


. 2-0 . c al stres afo : tv is negligible ap- 
clearly negligible compared to terms of magnitude e&. Ifn = 7Co™mponent n mal stress deformability negligible. It ap 


1, then terms of only one higher order in € appear and the an-  ! : 
a@ ~ O(€*) a case in which the elastic properties of the core are ex- 


ears that the deformability becomes important only wher 
alysis is not as direct. Consequently, the relation : 
tremely weak. The fact that the transverse deformability is un- 

a ~ Oe 7 important in bending of plates has been observed by other in- 

is used in the subsequent analysis vestigators** from various calculations. From the order-of- 
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magnitude analysis comes quite clear that this fact is true 


in such cases where a 


Further results of t der-of-magnitude analysis are em 
bodied in the fe \ simplified stres t 


train relations for the 


sandwich plate ined by retaining terms up to the 


wader of €& for the ft nd for the core 


In these « juatic t ‘ Ihe ore stresses are neg 


since from Table 2, 2 , and 7, of order €*. Reissner* 


1ined a similar ions by assuming at the start tl 
negligi ne 
A statement concerning the ial to the 


be deduced bv « 


middle surf nd its image &, 7, 


ice-paralle! ore stresst re 


nor middle surface can 


onsidering any point z, y, z on the normal to the 


ifter bending. e direc- 


PHEORY 


OF ISOTROPIC SANDWICH PLATES 


cosines of the image point are obtained from Equations 


im [29 


middle surface line whose normal has the 


Phe image of the 


direction cosines 


Compa which 


4 \ “ul terms [51 
tion cosines middle point 
en that the 
This fol 
have different 
Since the 


and 


surlace 


which was on the normal before bending, it can be 


point £, n, ¢ does not | i the normal after bending 


lows rom the in nh wo image points 


direction cosines and, therefore, are not parallel 


component shearing stresses were found from Equations [18 
meluded 


same for 


19] to be independent of the o-ordinate, it can be « 


from Equation [30] that the direction cosines are the 


anv image point of the norma This is a sufficient condition for 


the statement that plane sections remain plane for the sandwich 


plats however, G — 


found that the direction « 


For the homogeneous plate and it is 


osines of the image point and the normal 


are identical 








Approximate Approach for Torsion Problem 
of a Shaft With a Circumferential Notch 


By H. OKUBO, 

The torsion problem of a bar with varying circular 
section has been treated by several investigators over a 
Usually, the solution covering all points 
in a shaft is found first and then the maximum stress 
is obtained. 


long period. 


Accordingly, the analysis usually becomes 
complicated and so only few cases have been treated 
completely. 
view, however, to find the stresses around a notch rather 
than the stresses at every point in a shaft. The approach 
employed in this paper is somewhat different from others, 
and the approximate values for the stresses on the surface 
of a shaft are found directly without solving the problem 
completely. 


E shall take cylindrical polar co-ordinates, and shall take 
the axis of the shaft as the z-axis. Then the problem is 
mathematically equivalent to the finding of a function 


which satisfies the differential equation? 
ory 3 oy 
or? r or 2? 


it all points within the shaft and the condition 


y = 


const 


at the boundary 

Let us consider a shaft with a circumferential notch, twisted by 
couples 7 applied at the ends. Imagine a very thin shell cut out 
from the shaft, of which the outer and inner surfaces are given by 
the equations 


= const ¥ =a, = 


const 
respectively, and the former coincides with the surface of the 
shaft. Since the ends of the shaft are submitted to a simple tor- 
sion, denoting the couples acting on the ends of the shell by 7 
we have 


{4 


where ro and t represent the radius and the thickness of the shell 
at the ends, respectively 

Consider a section of the shell cut by a plane containing the 
The direction of the resultant S of the 


shearing stress taken over the thickness coincides with the tan- 


z-axis, as shown in Fig. 1. 


Institute of High Speed Mechanics, Tohoku University 
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It is essential from the technical point of 


SENDAI, JAPAN 


gential direction of the shell the 


p 
ponents of S are 


S: = S cos @, S sir 


where @ is the angle between the tangent and the 


r , 
| a 
JS 

Fae) 


The equilibrium condition for the couple gives the relation 
2rr?S 7 
and it follows 
> 
21 
mror? 


The shearing forces and the shearing stresses have the relations 


S=ztr, or S, {7 S, =f ‘ 


where ¢ is the thickness of the shell at the point. Hence we have 


=. ae 2k7 a 
wror? a 
where k = &/t. 

Thus finding the value of &, from Equation [8] we readily can 
calculate the stresses on the surface of the shaft. 

When the radius of the shell is very large compared with the 
dimensions of the notch, the curves given by Equation [3 
can be replaced by the streamlines in a potential flow, the equa- 
tion of which is given by 


Pr, 2 


Hence k can be expressed as 


«= (CS) + (SYP + (SP 


Under the foregoing approximation, k coincides with the 


where ( denotes the value at the ends 


ratio 
of the velocity at the point to the velocity at infinite distances, in a 


two-dimensional flow. While the streamlines for various cases 


have been investigated extensively, these results can be imme- 


diately applicable to the present problem 
i shaft 


Examples. As a first example we will take the case of 


with a semicircular notch of radius a. The exact and the approxi- 


mate solutions for the problem have been carried out by several 
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writers formerly However, the problem can be solved quite and it follows 
readily by the approximate method proposed in this paper 
Transferring the origin of the co-ordinates to the center of the 
cirele (z = 0,r = ro), the corresponding streamlines are given by 
a well-known formula, as‘ 
o where p is the radius of curvature at the bottom of the notch 
Previously a similar formula for 7... had been introduced by 


, Neuber,® but his formula gives the value of Tmax in 
hence at the bottom of the notch (z 


(>) 


and so 4 2. Then the stress at the bottom of the notch becomes 


multiple of the present one, e.g., for a semicircul 
radius 0.15re, the two formulas give 


and 3.26, respectivel) 


and Equation [15] gives the result te a higher accuracy than the 


2.76 


12 } , 
latte r, since the exact value of the case is 2 


The values of the maximum stress for varios dimensions of 


The values of the maximum stress for various values of a, the notch have been calculated from Equation [15], and the rela- 


calculated from Equation [12], are given in Table 1 For the tion between the maximum stress and the radius of curvature for 
i £ 


sake of comparison, the exact and the approximate values ob- several specified depths of the notch are shown by curves in Fig 
tained, respectively, by Willers and Sonntag, are also givenin the 2 
same table. As is seen in the table, the approximate values ob- 
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rABLE 1 MAXIMUM STRESS VALUES FOR VARIOUS VALUES O! 
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Sonntag 
As the second example let us consider a shaft with a semi- 
elliptic notch, the pe riphery of which is given by 


If we transform the co-ordinates by the relation 
z+ ir = 2a’ cosh (a + if 


then a = const represents the periphery of an ellipse. The corre- 
sponding stream function can be expressed by 


@ = (0 ra =” «) sin 8 
a 


where a = c’ + a’?/c’, . ‘t/c’, At the bottom of 


notch it becomes 


oo _> ~~ . ( af) eal i 1) 
or re) 
2 Reration Between Maximum Stress ano Rapivus 


hence we have CURVATURE 
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Equation [15] has been given in a form covering all cases for the 
ratio of b/p. However, the validity of the formula is restricted 
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( esults shown in Fig. 2 with those of Sonntag,* 
we find 1 itter becomes considerably larger than the values of ro/a, 
former, i a “ase of p. 


gives greater values compared with the exact ones for smaller 
As is shown in Table 1, his formula 
Sonntag, vol. 9, 


9 
hnische Dynamih 


p or ¢ B. Biezeno 


p. 302 


1, which correspond to the cases where the stream- 
lines are squeezed more intensely in hydrodynamic analogy 


1929 may be considered as the main cause of the discrepancy i 
1939 formulas for smaller but moderate values of p. 





On the Axi 


ymmetric Problem of the Theory 


of Elasticity for an Infinite Region 


Containing Two Spherical Cavities 


sy E. STERNBERG? anv M 


This paper contains a solution in series form for the 
stress distribution in an infinite elastic medium which 
The 


loading consists of tractions applied to the cavities, as 


possesses two spherical cavities of the same size. 


well as of a uniform field of tractions at infinity, and both 
are assumed to be symmetric with respect to the common 
axis of symmetry of the cavities and with respect to the 
plane of geometric symmetry perpendicular to this axis. 
The 


based upon the Boussinesq stress-function approach and 


The loading is otherwise unrestricted. solution is 
apparently constitutes the first application of spherical 
dipolar co-ordinates in the theory of elasticity. Numeri- 
cal evaluations are given for the case in which the surfaces 
free from tractions and the 
The results illustrate the 


of the cavities are stress 
field at infinity is hydrostatic. 
interference of two sources of stress concentration in a 
The approach 
may be extended to cope with the general equilibrium 


three-dimensional problem. used here 


problem for a region bounded by two nonconcentric 


spheres. 
PROBLEM 


INTRODUCTION -STATEMENT O1 


FW NHE equilibrium problem of the theory of elasticity for a 
does not 


This 
significant class of problems, the plane analogs of which are 


region bounded by two nonconcentric spheres 


appear to have received any previous attention 


covered by available exact solutions (1, 2),* includes the case of 
the shell-shaped region bounded by two nonconcentric spheres 
the infinite region containing two spherical cavities of arbitrary 
well as the limiting case of the semi-infinit« 


radi, as region 


hounded by a plane and containing a spherical cavity 

In the present paper we confine ourselves to the particular in 
stance in which the region is infinite and contains two cavities of 
The loading is assumed to consist of tractions 


the same radius 


The results contained aper were obtained in the 


in investigation conducted by the authors under contract 
32906 with the Office of Naval Research, Department of the 
Washington, D.( 
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applied to the surfaces of the cavities and of a homogeneous field 


of tractions at infinity. Moreover, the loading is assumed to be 


symmetric both with respect to the common axis of symmetry of 


the two spheres and with respect to the | re of geometric sym 


metry perpendicular to this axis; it is otherwise unrestricted 
rhe interest inherent in this problem is twofold: (a) The ap 
proach used may be generalized in dealing with the more complex 
problems referred to, even in the absence of symmetry restrictions 
b The two 


sources of stress »blem 


solution obtained illustrates the interference of 


concentration in a three-dimensional pre 


AXISYMMETRI SotuTions IN Seuerica Dirotar Co-Orx 


Spuericat Dirotar Harmonics 


DINATES 


Among the various available stress-function approaches to th 


rotationally symmetric, torsion-free problem of the theory of 


elasticity,® that based on the three-function approach® originated 
ifions requir 
Nhe Bous 

H. Neubert 


In case of torsion-iree, rota- 


by Boussine sq 4 )appears to be best suited for Appi 
ing the use of noncylindrical curvilinear co-ordinates 
sinesg approach has been employed extensively by 
5) and by the present authors (6, 7 
about the 
the general solution of 


tional symmetry z-axis, and in the absence of body 


forces, the displacement equations o 
equilibrium, following Boussinesq, is representable as the sum o 


the two lispla ement fields 
2G\ u,v, U 
2G u, v, u 


provided g(r, 2) and ¥(r, z 


ire arbitrary harmonic functions, ie 


Ve = 0, Vy =0 


Here r, y, z) are the Cartesian co-ordinates, |u, v, t the Car 


teslan components ol lisp! cement, G the shear modulus, and v 


Poisson’s ratio. The displacement fields, Equations [1] and [2], 

wether with their associated fields of stress, which are obtained 
from the displacement-stress relations, henceforth will be re- 
ferred to as the first and second Boussinesq solution, respec- 
tively These solutions are readily transformed into general 
orthogonal curvilinear co-ordinates. The corresponding trans 
forms were given in a previous paper (7),’ and need not be rv 
We thus turn directly to spherical dipolar 


t i 7 


co-ordinates, the use of which is suggested by the 


peated at this place 
geometry of the 
particular problem under consideration 


See ; hapter ix, for a mprehensive 


treatiie 
tionally s 


¢In the presence of rotational sy 


nmetric probier 
imetry only twe 
are involved 

7 See Equations [14 5) of the paper referred to 
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fiy4 


' 
Spherical dipolar co-ordinates* are introduced by means of the 


where p = (xz? + y?*) 
transformation 


The surfaces a = const are thus spheres 


of radius 1/g centered on the z-axis at z = —q/g. The surfaces 
B= 


const are surfaces of revolution the traces of which upon a 


cos . 
p Y meridional half-plane + 


= const, p > 0 are circular arcs of 
radius centered on the p-axis at p = p/p; see Fig. 1 As 
, 
a-—» + o, the spheres a = const contract toward the poles P, 
and P, which are located at z = 1 and z = 1, respectively 
We also note that 
where r=(z?+y 10 
q = cosh a, q= sinh al . 
Pp = cos B, p=sinB f and that the distances r; and r; of a point from the poles P; and P: 
The ranges of the curvilinear co-ordinates (a, 8, y) are are given by 
Baw OS y<2r 


so that 


] 
1 


q 

p< 

r J ; where 

The co-ordinate surfaces form a triply orthogonal family. Indeed, 

Equations [5] imply gy P 


Computation of the metric coefficients associated with the 
mapping given in Equations [5], and subsequent substitution in- 
to Equations [14], [15] of reference (7), yield the displacement and 
stress fields of the Boussinesq solutions referred to spherical dipolar 
co-ordinates. In view of the rotational symmetry, the stress func- 


tions yg and y are at once assumed to depend upon @ and 8 alone 
y/z = tan y } We thus reach 


Pp 


* See (8), chapter X, for a brief discussion of this subject and for 
further references 


Ca = UM Gaa 
o3 = pw*[upy,, 
o, = ld Pa 


- 
Tap = —K*plu Ga, 


l 
/ 
2G lv. 


ug SF E (3 — 4) 
aT 


"7 


MGVaa q + 211 — v\gp 


yu? 


2./, 2 « ‘ 2) 
HGP Y py + [mM 3 — 2v)qp*ly¥, 





2v(qp ] Wa 
a, = [g*—2(gp — 1)] [gp — 1 + 2vp* gy, 
Tas = MOPWay — Al 


2v)(qp — 1)] py, 





In the foregoing equations ug, ug, and Gq, Og, 7y, Tag denote 

curvilinear components of displacement and stress, respectively 

The displacement u, as well as the stresses 7, and 7,g, which 

vanish identically by virtue of the assumed rotational sym- 
metry, have been omitted altogether. 

Fic. 1 Spnertcat Diporar Co-Orpinates * Subscripts attached to functions which originally bear no sub- 


script denote partial differentiation with respect to the argument in- 
dicated. 


(Traces of surfaces a = const and 8 = const on a meridional half-plane > 
= const.) 





STERNBERG, SADOWSKY 


The stress functions g(a, 8) and ¥(a, 8) must satisfy La- 
place’s equation, which here becomes 


q 
pu? 


Paa + $38 Qa . . [17] 


Equation [17] is not separable in the strict sense. However, it 


does possess solutions in the form 
d(a, 8) = pA(a)B(B 18 


Substitution of Equation [18) in 
variables, leads to 


17], followed by separation of 


o(a, 8) 


(n 


(a) or S,(a)| [P,(p or Q,(p)) {19 


= cosh (n + '/:)a] 


> wy 
= sinh (n + '/:)af -_ 
and P.,, Q, designate the Legendre polynomials and the Legendre 
functions of the second kind, respectively. Since the functions 
Q,(p) have a logarithmic singularity at p = —1 and p = 1, they 
give rise to harmonice which are singular along the z-axis 
The dipolar harmonics wC,(a@)P,(p) and pS,(a)P,(p) 
regular throughout the Cartesian space, including infinity, with 
the exception of the poles P;, P:, Fig. 1. These 
correspond to the exterior spherica! harmonics 


are 


harmonics 


n—1 P (Ww) 


in which 


It is essenttal for what follows to establish the connection between 
the exterior spherical harmonics and their dipolar counterparts; 
to this end we observe on the basis of Equation [21] that the 
functions 


are likewise harmonic. According to Equations [11] 


i 
"I 


and the harmonics M,(a, 8) are thus identified as successive z- 
derivatives of the zero-order exterior dipolar harmonics. More- 
over, it is shown by induction with the aid of the addition theorems 
for hyperbolic functions and of the recursion formulas 


wSoP o 


uCoPs 


(2n + 1)pP, = (n + 1)Paai1 + nPo-s 
dP 

2 
dp 


p = nP,-; npP, 


that 


” The arguments of C,, Sx, and P, will henceforth be assumed to 
be a, a, and p, respectively, unless otherwise specified 


ON THE AXISYMMETRIC 


PROBLEM OF THE THEORY OF ELASTICITY 


if n . odd 
Equations [26] remain valid if C,, and S,, (m = 0, 1, 2, 
interchanged. 


now vields 


In view of -quations [24] and [26], Pquation [23 


‘ 
w do (1 
m=Q( 


which in turn implies the reciprocal relation 


uC,P, = > (—1)* ( = ) M,(a, 8 


m=0 


M,(a, 8) = 


Analogously, if we define the harmonics 


we find that 


and consequently 


m=0 


us,P 


The dipolar representation of interior harmonics of integral 
order, which are regular throughout the Cartesian space with the 
exception of infinity, appears not to have been considered in the 
literature; it is readily obtained by consideration of the interior 
spherical harmonics ,(n = 0,1,2,. 
by virtue of Equation [21] the functions 


Since r°P,(w ) is harmonic 


Ra, 8 


at. % 


(rn = 


now yield 


a 
po? 4 ( 1)" ( - ) cosh n 
m 


m=0 


are also harmonic. Equations [11], [26 


R,(a, 8) = m)aP,.(p [33] 


Similarly, the corresponding interior harmonics which are odd in 
a, admit the representation 


um DS ( 1 (2%) sinh ( 
, ™m 


m 0 


T (a, 8) 


m)aP,.(p 
34)" 
It is interesting to note that the functions R, and 7, of even in- 


dex are linearly dependent upon the corresponding functions of odd 
index 





JOURNAL OF APPLIED MECHANICS MARCH, 1952 
In the particular problem to be considered, the required i 
Boussinesq stress functions are found to be the interior dipolar 7% op 
harmonics 


The solutions generated by which 


follow 
e computa- 


will be designated as solutio 
at once from Equations [13 


tion yields, for solution [D, 


We now exami 
of solutions [D 
ro this end we recal 


compression locate 


Sar 
tion of 
field 


ente 
poles P 
hand, the 


0) imply 


magnitude Sr 


ompression sing! 


In particular, ¢ 
pression doublets situated 


the sequence of solutions 


tresses at infinity, and ts self- 


¢ (a, B) (9 eS 
/ 


tractions on any closed surface surrounding ei 
P, and P; but not the other, ar ically « juivalent to mt 
view of Equs tions [28! and [35], each member of the aggregate 
solutions [D,] (n = 0, 1, 2 ilso possesses these propertie 

The connection between the sequence of solutions orresp 
y to ¥ == Vv a, g and y \ 


a 
9), chapter 8 


cular magnitude is chosen for convenience only 
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established by to the problem « haracterized 
in the form 


where |/ 
the space 


whose form t 1 


phei u 9). In Equation [49 
18 in subsequent d 


" KA lesignate either 
a stress-tenso ‘ ) displacement-vector field,'* 
and additior : erpreted 
ton 


wcordingly 
translor 


co-ordinat 
tain, in tress at infinity is uniaxial 


vanishes at infir 

that the individual members of the 
0, 1, 2, , while vanishi 

On the oth 


ithin this 


hand, the 


Veen ar 


self-equilibrat 


to in 


SPHERI( 


and the rat 


diameter 20 be 


Provided 


I quations 
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in which the infinite series converges uniformly for 0 < t < 1 and 


1 < p <1. Making the substitution 


> 0 


where & is given by Equation [40 By means of partial dif- 


ferentiation of Equation 58) with respect to a@ and p, and by use 
of Equations [25], we 


finally find from Equation [52], corres- 


ponding to the uniaxial state of stress o, = o@ at infinity 


and from Equations [53], corresponding to the hydrostatic state 


of stress o, = 0, = o, = Gat infinity 


The system of tractions Equations [46] applied to each of the 
two cavities, is either self-equilibrated or else statically equivalent 


In the k 


resultant forces so arising are equal and opposite 


to a resultant force along the z-axis. r case the two 
it follows from 
Equations [46] that 


i on f [(qop (B) + qop*g() : 61 


where P 


the force 


is the magnitude of each resultant force and P > 0 if 
> 0 is directed in the 
‘tions of [L 


exerted on the surface a = @ 


positive z-direction. Since the tra at either cavity 


time yields the 
to the residual 


are self-equilibrated Equation [61] at the same 


stress resultant at a = + a of the solution [R 
probler 1. 

It is advantageous to reduce the residual problem in any case to 
one involving vanishing stress resultants at @ +a In ac- 
cordance with the discussion at the end of the prec eding section, 
this is accomplished by setting 

oP 
R] = = tol + (R* 
Sr(1 


p 


where P is given by Equation [61], [EZ with 
0, and 
problem 
[R*) 
they again admit the general representation [55]. Moreover, 
R*) It should be 


in case the cavities are free from loading, P = 


by Equations [39 


n= R*) designates the solution to a modified residual 


The boundary conditions at @ = +a appropriate to 
ppro} 
are immediate from Equations [62], [39], and or [53 


52 


all stresses of vanish at infinity ob- 


that 


must 
served 
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= (RI, 
60 


how 


and the coefficients &,, , are given by Equations 


R* via the 


symmetry 


the determination of 


Because of the requirements of 


approach 
Boussinesq solutions 

and regularity, as well as by virtue of the boundary conditions at 
infinity, the only dipolar harmonics among those listed in the pre- 
ceding section, which are admissible as generating stress functions 


are given by Equations [35]. stresses of 


The displacements and 
the corresponding solutions [D,] and [£,,] were recorded as Equ 


tions [36], [37] and [38], [39 As was demonstrated previously 
the aggregate 

brated, whereas the individual members of th 
(n =0,1,2 


of solutions [D ’ Oo 1,2 


is self-equili- 
iggregate [/ 


do not possess this propert For this reason 


solutions [E£,] as such are not suitabk onstruction of 
to be self 


R*), the surface tractions of which 


equilibrated. On the other 


any two solutions within thi 


equilibrated 
Our current purpose 


of solutions, based on 


aggregates [D,] and [EF which conforms to the re 


the 


simple forms for the boundary 


juirement ol 
time, this aggregate should yield 


3 Tasl GQ, D) ol 


SC lf-equilibrance; at same 
stresses 
members in terms of whic! prescribed trac- 
vanded \ 


motivated by this o ctive, leads us to 


its constituent 


tions, Equations [55], ultimate must sys- 


tematic investigation, 


assume |/*) in the form 


kR* 


where the new solutions [A 


and [B, 
ately obtainable from Equations [64] in conjunction with Equa- 


The displaceme nts and stresses of [A, are immedi- 


tions [36] to [39 We limit our attention to the stress com- 


ponents Og, Tag Which enter into the determination of the un 
known coefficients of superposition a, and b, of Equation [63] 


(55), 


Guided by the form of the boundary conditions Equations 
which are to be met identically in 8, we thus expand yo, and 
UTa3/p of solutions [A,], [B,] as series of Legendre polynomials 
and their derivatives, respectively. After exceedingly cumber- 
some computations involving the repeated use of Equations [25] 


and of the addition theorems for hy pe rbolic functions, we reach 


the following representations 


For 


solution [A, 


* The 
binations will be discussed later 

% Equations [55] are now understood to represent the boundary 
conditions appropriate to [R* 


simplifications derived from these particular linear com- 
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The foregoing Legend ries fe o, and utas/p of [A,) and 
B,| terminate because the functions so expanded are poly- 
nomials in p..» The stresses ¢4, Ta/P, without prior multiplication 
by uw, are irrational functions of p, and would thus give rise to in- 
finite Legendre series. This accounts in retrospect for the artificial 
introduction of the factor 1/j in the boundary conditions, Equa- 
tions [46 We note, furthermore, that o, and Tag of | A,] involve 
the Legendre polynomials of order n 1 ton + 3 and their 
derivatives, respectively; the corresponding stresses of [B,] in- 
volve the polynomials of order n 2ton + 2, and their deriva 
tives.*° Unfortunately, linear combinations of the elements of 
the aggregates [D E.,), giving rise to stress components o, and 
23 Which involve exclusively P, and P,,’, respectively, are not 
available. This precludes an explicit determination of the co- 
efficients of superposition through solution of two simultaneous 
equations at a time Therefore we are compelled to accept an in- 
of linear algebraic equations for the coefficients a 
1, 2, appearing in [R*], Equation [63 This 
system is obtained by equating to §, and 7, of Equations [55 
the coefficients of P, and FP,’ in pota(@, 8) and po Tag(ao, &)/p 
of solution [R* 4 trivial computation yields 


jk 
lk 
$A( 3k? + 10k 


4X(3k? — 10k 
* The analogous expansions for ga, Tas of [D.] and of [En+:] 
[EZ] are found to involve the polynomials (and their derivatives) of 
order n 3ton + 3andn 2ton + 3, respectively. This reveals 
the specific simplifications arising from the linear combinations of 
Equations [64] 
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Equations 
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The 
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16) and 
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euring U 


tluated for a a The 


Equations 10 
the 


ind [67 


require 


ivities, 


17) oF is i uce solution of the ind 


OF 


Equatior 
parameters / the values 
Furthermore 
supplementary definitions 


stated in Equations 
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infinite system of linear 


formal solution of the problem is given by 


is is confirmed by recourse to Equatior 


NUMERICAL 


An application of convergence criteria 
70] is prohibitive in view of the 
68] and 
such indications regarding the convergence 


Equation 
bquations 69) 


tion [70], as are obtainable from its appli 
ul evaluation for specific examples. In 1 

plications, we observe that the system of 

conforms to the following matrix scheme 


denote nonvanishing coefficients 


0000000000000 
° 0000000000 
0000000000 
*oo00 000000 
*o900000000 
***9 000000 
***9 000000 
00000 
00000 


0 e* 
0 *-* 
0o00* * . 
ee¢?* 


0o00 


* 7 ee@ 


necessitate 


Phe solution of Equations [71 
In the 


recom plishe 


approximatior particular e 


solution vas it 


process in which the matrix 


vield 


reased 


equations in n unknowns 


successively until a sufh 


stabilized within the limits of acear 


sired number of significant figure 


partial cheek on the 


the process is prov 


ions at @ 


now discuss the 


we trac t 


We 
1] 


echnical! 


numeri 
signifcan 
“¢ from tractions 
hvdrostatic tension 
lations |46), 
and (|6u 
oo M1 
letermine 
listance ratio s 
for 8 §. 76220 
a 1.31696, resp 
vere used in the subsequent stress 
] P tal 


given are stabilized 


last two successive approximations coincid 


digits shown. This degree of stabilizatior 


stabilization of the computed stresses to 


the 


sixteen simultaneous equat 


significant figures; it required 


EXAMPLES AND Dts 


to the 


Therefore we are 


solution 


respe 


algebraic Equations [68 


SSION 


infinite series in 
unwieldy character of 
forced to rely upon 
f the solution, Equa 
and numer 

ap- 


oY 


ition to 
aration for such 
uations [65 

h the 


and 


asterisks 








nknowns 

to assure the 

slues sought 
ot 


it evel uge 


ponding su 
Values 
for the si 
the 


Mmpies 
avities are 


uty is one ¢ 


0 Ao 0 


n, of Equ 


hows the values 


orrespond to 
efficients which 

ns are included, and 
i he results of the 
vithin the number of 
vas found to insure the 
vithin at least three 
#1 4 maximum of ten 
irger 
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NUMERICAL VALUES OF COEFF 
AT INI 


s 3.762 1% 
1.401568 xX 10 
2.7858 x 10 
4.891 x 10 
8.66 x 10 
1 x 107% 


ind the smaller of the two distance ratios considered As was to 


be anticipated, the conve rgence ol the solution becomes slower as 
Indeed, the solution diverge 5 
for the limiting case s 1, ao = 0 in which the avities 
touch each other, as is apparent from the restrictions underlying 
rhis therefore 


the distance ratio approaches unity 
two « 


the Expansion [56 limiting case, ealls for a 


separate treatment 
On the basis of the coefficients of superposition listed in Table 1, 

the principal stresses at the poles and equators of the two cavities 

These 


ty ony, 


summarized in Fig 2 


here 


results are whic 
The numbers given 


Nore ver, It is seen that these nor- 


were evaluated 
again 


shows the upper cavi 


represent stabilized values 
mal stresses which should vanish by virtue of the boundary 
d 0.005, which indicates that the maximum 


con 
ditions, do not exces 
error in the remaining stresses is apt to be less than 1 per cent o 


the tractions applied at infinity 
As the distance 

concentrator 
the stress concentration around each cavity must tend toware 
luced by a single spherical cavity in a body under hydrostatic 


approa hes infinity, the two sources of 
and 


that 


stress use to interfere with each other 


infinity According to the classical solution for this 


tension at 


limiting case?! 


in which ¢, is the normal stress at the surface of the cavity, acting 


on any plane passing through its center 
The results shown in Fig. 2 reveal that for a distance 


ratio 
3.76 the limiting condition of noninterference is practically 
attained. The second set of stress values shown in Fig. 2 applies 
stress-concentration interference 


2 illustrates the 


tos = 2 and 
The mutual effect of the two cavities consists in raising the tan- 
gential stresses at the interior poles of the cavities, and to a lesser 
extent, also those at the exterior poles, W hile relieving the concen- 
The stress ¢, at the equator Is seen 
It is interest- 


the interior 


tration in og at the equators 
to be unaffected by the presence of a second cavity 

the distance between 
is relatively slight 


ing to note that even when 
poles is but ene diameter, the interference 


stresses ¢ ymputed for this case deviates from 


Thus none o 
the limiting value of by as much as 5 per cent. In the 
analogous plane problem (2), the interference effect in the fore 
going sense is approximately 20 per cent at the same distance 
ratio. 

In conclusion, it should be pointed out that superposition upon 
uniform hydrostatic stress field a, 


the solution discussed of the 
the 


=Os3= 0, = 1 vields the corresponding stress values for 
case in which the cavities are under constant unit internal pres- 


sure, and the medium is free from loading at infinity 


iple reference (10), p. 326 
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The Effect of a Rigid Circular Inclusion 


on the Bending of a 
By R 


The three-dimensional problem of the effect of a rigid 
circular inclusion on the bending of a thick elastic plate is 
solved approximately by the method of E. Reissner (1, 2).° 
Comparison is made for the limiting cases of vanishing in- 
clusion size, (plane strain), and vanishing thickness 
(Poisson-Kirchoff plate theory), with the work of J. N. 
Goodier (3) and M. Goland (4). Graphs showing the 
transition from the plane-strain solution to the Poisson- 
Kirchoff solution are given. Stress concentrations are 
calculated and plotted versus the inclusion diameter- 
plate thickness ratio. The stress concentrations are found 
to be less than predicted by the classical plate theory 
when the inclusion diameter approaches the same order 
of magnitude as the plate thickness. 


INTRODUCTION 


FET NHE problem of the effect of inclusions on the stresses in 

pl ites has been discussed for the cases of plane strain and 
transverse flexure according to the Poisson-Kirchoff theory 
Goodier (3) and 


of thin plates These cases were discussed by 


Goland (4), respectively. It is the purpose of this paper to dis- 
cuss the effect of a rigid inclusion on the ben ling of plates uw 
2). A. E. Green 


solution of the three- 


bending (1, 
for th 


cording to | teissner’s theory of 
1 series method 


The first terms of t! 


(5) has indicated 
dimensional problem » series lead to results 
which correspond to the theory under consideration. 

In brief review, the Reissner theory takes account of transverse 
shear deformation which is neglected in ordi ary plate theory 
The 


formation is that a sixth-order system of equations is developed 


consequence of taking account of the transverse shear de- 


so that it is possible and in fact necessary to satisfy the three 
boundary conditions of the problem instead of only the two Kir- 
choff « 


onditions. The solution of the new system of equations 


where there is no distribution of transverse load is 


carried out in terms of the transverse deflection w and a stress 


function x All bending moments, shear-force resultants, and 
displacements are found by differentiating these quantities 
In discussing problems of stress concentration, due to circular 


holes or inclusions, it is convenient to use polar co-ordinates 


The transformation to this system has been carried out by E 


itted in partial fulfillment of the 


Applied Mathematics at 


rhis paper is from a thesis subn 


requirements for degree of MS in 
Brown University 
* Grad Student, Brown University 


to the Bibliography at 


in parentheses refer the end of the 

ontributed by the Applied Mechanics Division and presented at 
the Annual Meeting, Atlantie City, N. J., November 25-30, 1951 
PRE AMERICAN SOCIETY OF MECHANICAL ENGINEERS 

Discussion of tt 
ASME, 29 West 
until April 10, 1952, for pr 
alter the cl 

Nore State 
inderstood as individual expressions of their authors 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, November 16,1950. Paper No. 51 4-12 


should be addressed to the Secretary 
New York, N. Y 
il a later date 
irned 

vaneed ir 


paper 
s9th Stree and will be avcey; 

Discussion re 
ceiver sing date will be ret 


ents papers are to be 


und opinions ac 
and not those 





Thick Elastic Plate 


A. HIRSCH,? PROVIDENCE, R. | 


Reissner, and the equations as well as the general solutions are 


available elsewhere (1, 2) 


SoLuTion ror Pure BENDIN« 


Consider an infinite plate of a homogeneous isotropic mate- 


rial with a circular inclusion of rigid material attached to the 
The orientation of the co-ordinate systems and the load- 


plate 
nomenclature 


ing is shown in Fig. 1 Employing Reissner's 
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require that 


1, 2), the loading conditions at 7 


os 20) 


the condition of perfect rigid 
so that 


At the edge of the inclusion a 


ty is satisfied by allowing no deflection or rotation, 


B, Bs = 0 


Appropriate expressions for the deflection and the stress func- 
n reference (1). The resulting expressions for the 


tion are given 


ing and twisting moments and the transverse shear forces are 
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ratio. From the boundary conditions, 


d [2], the constants Ag, Eo, Fo, Bs, Dy, Es, and 
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F, may be determine 


where pv is Poisson's 


Equations [1] an 


1 cos 20 
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EFFECT OF RIGID CIRCULAR INCLUSION ON BENDING OF THICK ELASTIC PLATE 


8} (Con’t) 


In the foregoing the K, are the modified Bessel functions (6) and 
the notation yu V 10 a/h has been adopted. Substituting the 
values of the constants from Equations [8] into Equations [3] to [7], 
the final expressions for the bending and twisting moments and 


shear-force resultants are obtained. To conserve space let 
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LimiTING Cases OF THE SOLUTION 
The limiting forms of the foregoing solution are obtained by 
vanishing inclusion size, and (6) vanishing plate thickness 


It is 
a requirement of a good solution that the limiting forms will agr« 


reasonably well with the plane-strain solution for case (a) and 
with the Poisson-Kirchoff solution for case (b) 


nent has been stated previously by D.C 
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Fig. 2 shows the f Equations [21] and , for 
6 = Oand @ 2, respectively, with the results obtained by Goodie: 
(3). The agreement is quite good for M, at all values of Pois- 


son s rato 


comparison 22 


The maximum difference is less than 3 per cent 
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It is interesting to note the transition from the plane-strain 
solution to the classical thin-plate solution, The bending mo- 
resultants have been plotted, using Equa- 
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rhe results are presented in Figs. 3 to 6 
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7‘ and 8, respectively, for Poisson’s ratio of 0.3. The stress 
concentrations are less than predicted by the classical theory 
For inclusions which have a radius of 3 times the thickness, the 
present calculations indicate an 8 per cent decrease for the @ = 0 
pot Fig. 7 also contains a plot of the edge shear-force resultant 


Fig. 9 is a plot of the variation of the radial bending momen 
ibout the periphery of the inclusion for vy = 0.3 and 2a// 
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Several Approximate Analyses of the Bend- 
ing of a Rectangular Cantilever Plate 
by Uniform Normal Pressure 


By W. A. NASH,' WASHINGTON, D. C 


Three methods of approximating the deflections and 
moments occurring in a rectangular cantilever plate sub- 
jected to uniform normal pressure over its entire surface 
are presented in this paper. The first is the application of 
the well-known finite-difference procedure. The second 
and third are collocation methods, one based upon poly- 
nomial solutions of the Lagrange equation, the other em- 
ploying ‘‘mixed’’ hyperbolic-trigonometric terms satisfy- 
ing this equation. In the last two methods the boundary 
conditions are satisfied exactly along the clamped edge and 
at a finite number of points along the free edges of the plate. 
The results obtained for the particular case of a cantilever 
plate with uniform normal load indicate that the use of a 
relatively small number of points in the collocation 
method yields values of deflections and moments that are 
in substantial agreement with those given by the finite- 
difference procedure. It cannot be concluded from these 
results that the collocation method using the assumed 
functions will give satisfactory results with fewer points 
than the finite-difference method for cantilever plates with 
loading different from the one investigated. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


a span of cantilever plate 
Et 


flexural rigidity of plate = 
acneite ’ 12(1 


= Young’s modulus 
bending moments per unit length of middle sur- 
face of plate 
= twisting moments per unit length of middle surface 
of plate 
M.+M, 


l+v 
shearing forces, per unit length of middle surface of 
plate, parallel to z-axis 
= normal load per unit area acting on face of plate 
= reactions along an edge, per unit length of middle 
surface of plate, parallel with z-axis 
= thickness of pl ate 
= Poisson's ratio = 0.3 
! Physicist, Navy Department, David Tavlor Model Basin. Jun 
ASME. 
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‘omponent of displacement of particle origi- 
nally in middle plane of plate 
rectangular co-ordinates 


= lattice unit used in finite-difference analysis 


INTRODUCTION 


The problem of the bending of a rectangular cantilever plate 
under « loading normal to its surface has attracted the attention 
of investigators only in comparatively recent years. One of the 
first papers on this topic was by MacGregor (1)* who analyzed 
an infinitely long plate clamped along one edge and loaded by a 
concentrated force applied at the free edge. His solution was 
later generalized by Jaramillo (2) to include a concentrated force 
applied at an arbitrary point of the plate. 

The problem of the be nding of a cantilever plate of finite di- 
mensions is extremely difficult to solve from the standpoint of a 
biharmonic analysis because of the unwieldy boundary condi- 
Consequently, most investigators, to date, have confined 
A finite-difference 


tions 
themselves to various approximate methods 
analysis of a cantilever plate with a span-to-chord ratio of 1:4 
and loaded by a concentrated force at the middle of the longitu- 
dinal free edge was presented by Holl (3). Later, Sechler, Wil- 
liams, and Fung (4, 5) carried out a detailed investigation of the 
deflections and moments occurring m both rectangular and skew 
cantilever plates subjected to uniform shear loading along the ex- 
treme free edge. Their approaches to this problem include the 
use of (a) the Rayleigh-Ritz method, using as “‘admissible”’ func- 
tions the normal modes of free vibration of clamped-free and 
free-free beams, respectively; and (b) relaxation of boundary 
The latter method proved to be more tedious and 
Influence 


conditions, 
gave somewhat less accurate results than the former. 
coefficients for a square cantilever plate were obtained by Mac- 
Neal (6 His results are in close 
agreement with those obtained analytically by Barton (7), and 
The special case of an aerody- 


using an electrical analogy 


experimentally by Dalley (8) 
namic pressure distribution acting on a square cantilever plate 
has been discussed by Barton and Dalley (9). The frequencies 
and mode configurations of free vibration of cantilever plates 
having various span-to-chord ratios were obtained analytically by 
Young (10) and also by Barton (11). 

More recently, Reissner and Stein (12) treated the problem of 
the combined torsion and bending of a cantilever plate of variable 
thickness by employing the minimum-potential-energy prin- 
ciple in conjunction with the assumption that the chordwise de- 
flection shape may be represented by terms of a power series. 
The coefficients of these terms are taken to be arbitrary functions 
of the spanwise co-ordinate; minimization of the potential energy 
by means of the calculus of variations then leads to two ordi- 
nary linear differential equations for the bending deflections and 
the twist of the plate. These same differential equations were 

? Numbers in parentheses refer to the Bibliography at the end of 
the paper 
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obtained by Schirch (13) using other methods in conjunction with 
a study of stresses and deflections in a sandwich plate. 

All of the foregoing investigations, as well as that presented 
here, are predicated upon the ordinary thin-plate theory, which 


assumes that 


l The plate is composed of a material which is elasticall) 
homogeneous and isotropic. 
2 The material follows Hooke’s law 
3 The deflection of the pl ite is small compared to the thick- 


thickness of the plate is small compared to its lateral 


4 The 


dimensions, 


Fundamental Equations The well-known expressions in rec- 


tangular co-ordinates for bending and twisting moments, trans- 
verse shearing forces, and edge reactions per unit length of the 
1s well as the value of the corner reac- 
tion, The 
tial equation of the mi idle surface of the plate is (14 


middle surface of the plate, 


may be found in reference (14 Lagrange differen- 


O'u O*u O*u q 


Or ~ Oxdy? oy* D 
where w denotes deflection of pl ite at point (2, y q is normal 
load per unit area acting on face of plate; and D represents flex- 
ural rigidity of plate. 

Che solution of the problem of the bending of a plate when a re- 
sultant normal load q per unit area acts on the faces of the plat 
thus reduces to the integration of Equation [1] subject to the 


boundary conditions 


Finire-DirrFERENCE Metruop 


By means of finite-difference equations it is possible to obtain 


approximate solutions to many plate problems which cannot 


be treated by exact methods. Since finite elements are used in 


the formation of difference-equation networks, rather than the 
orresponding infinitesimal elements associated with differential 
equations, only approximate results are obtained The approxi- 
mations usually become better as the elements become smaller 

The the finite-difference method has been ex- 
iumined in detail by Mareus (15 


Holl (16 This method 


contours and boundary 


procedure for 
ind by 
has been applied to plates having various 
Ehasz (18), 


may be 


conditions by Jensen (17 und Favre (19 Numer- 


ous references to earlier papers found in each of these 
publications. 

An approximate solution to the problem of the bending of a 
rectangular cantilever plate having a epan-to-chord ratio of 1:2 
loaded by entire upper 
surface of the plate is presented here Use is made of the Marcus 


The plate will be 


and uniform normal over the 


pressure 


two-step membrane analog divided into lat 


Piate Co-Orpinate System 


APPLIED MECHANICS 


MARCH, 1952 


> 


tice units of width A =a /2, notation 


is indicated in Fig. | 


used throughout this paper is shown therein. In applying this 


method it is convenient to introduce the notatior 
M = 


The procedure as outlined by Mareus (15 


ing linear equations 


{1M,+2Me+ M, 
4Me+ M, + Ms; 4 
iV,+Me+WM 


Che corner condition is 
Wig ~ 


} 


Along the clamped edge, since the slope 1S Zt 


uw, D 
we D 


ws, D 


For the bending n 


loments norn 


the free edges 


dD 


Thus, using the lattice unit A a/2, the fir 
cedure leads to a system of 25 linear equations ing 25 un- 


by Crout’s 


‘ 
This system of equations may be solved 


knowns 
method (20) 


this analysis are tabulated in Table 1 


The values of deflection and moment obtained by 


Although six decimal places 
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were carried tl ugho the computations, it does not seem just Anv solution of the biharmonic equation m 
I ] i 


iable to present the res ts to more than the four places indicate¢ form ru; + tes, ¥ y id ws are harmor 
in the table tangular co-ordinates 
will now be consideres 
rABLI I MOMENTS, AND SHEARS I \ be formed to represen 
RECTAN‘ AN t PLATI SPAN-TO-CHORD I 

i NIFORM NORMAL PRESSURI 


ymip ¢ 
the compk 
he funetior 


hoosing 


on 
tion must beé 
bY using onl 
such a manner 
ire satished @X\a 


macsiMmum momer 


»t 


where RP denotes the re 


stants A, will be determined 


tions at a finite number ol 
series used 
CATION Meruop 
hat the solution of the prob 


norma! to its sur! 


is 
ge Equation [1] sub} 


in approximate solutio 
mtaining a finite 
isf 
equation { he les ! constants be 
the boundary conditi ire satisfied at a finite 
This procedur I the error le 


irbitrar 


ls have ontaining 
wo app (rout 
the ber 


the loading 
entire upper ited in Table | 


tion methods ea d to such If the first nine terms (/ ion [12] are considered 


series that s vundary conditions is possible to satisfy the previous mentioned boundary 
satisfy t ge equation The cor nts m then | tions, Equatie 131. as well as two others 
chosen so t the differential equation ifinitenumber so as to make 
of pointe. 


The solutio tl i re equation may be itt n the 


form 


In this case a system of nine linear equations, each containing nine 
, , unknowns, is obtained. The deflections and moments found b 
where 1 i taken to represent the deflection of a uniformly — - = 
this approximation are tabulated in Table 1. Because of the 
loaded cs ver beam, parallel to the z-axis and of span a 
om small number of points used it does not appear justifiable to pre 
Thus w ies Equation [1] and also the boundary conditions ; “gh. 
. : sent the data to more than the three decimal places indicated 
atx = Oandz a. However, it does not satisfy the boundary eghh: 
} " T H / pe rholic-T rigonometrit Neries i ppre rimation Harmoni 
conditions along the free edges y = +a The expression w: must — 
, functions may be found from Laplace’s equation by the method 
satisfy the biharmonic equation 


of separation of vari ibles This procedure leads to four types of 


functions, one of which is 
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nx 
10a 


ny 


sinh s : 
10a 


Che factor of 10 is used in the denominator so as to place the 


numerical values of the argument within the range that is com- 


monly tabulated in tables of hyperbolic and circular functions 
Consequt utly, the deflection surface of the rectangular cantilever 
unitiorm normal 


pressure 


plate shown in Fig. 1 and loaded by 
nay be represented approxil i1ately by the se res 


qa‘ : of yi = ) 
dD 24 a‘ 6a’ ta*/ 
k ~ 


I na ny tl 
+ B sinh cos 15 
na 10a 10a 


where the constants B, are determined so as to satisfy the bound- 


ary conditions at a finite number of points. Again, the boundary 
onditions are satisfied exactly along the « lamped edge 

By choosing the first seven constants B,, so as to satisfy Equa- 
tions [13], a set of seven linear equations each containing seven 
unknowns is obtained Again, these equations may be solved 
However, the value of the determinant of 


nearly 


by Crout’s method. 


the coefficients of the unknowns is very zero and, conse- 
it Is necessary to carry out the calculations in Crout’s 
After the values of B 
been determined, they may be substituted in Equation [15] to 


the deflection 


quently 
method using 15 decimal places have 


give the approximate representation of surface 
rhe deflections and moments at the various points in the plate 


as obtained by this method are tabulated in Table 1 
CONCLUSIONS 


For the particular case of a rectangular cantilever plate with a 
span-to-chord ratio of 1:2 and loaded by uniform normal pressure 
over its entire upper surface the use of the collocation method em- 
ploying a series of hyperbolic-trigonometric terms gives results 
that are in substantial agreement with those obtained by the 


lassical finite-difference procedure. The calculation time in- 
volved in the use of the collocation method is considerably less 
than that required for a finite-difference analysis. A collocation 
method employing polynomial series yields results that agree al- 
most as well with those of the finite-difference analysis as do 
obtained from 


the values the hyperbolic-trigonometric-series 


approximation. The application of the polynomial series is some- 
what less tedious than that of the hyperbolic-trigonometric 


series. 
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Stresses 


and Deformations of Toroidal Shells 


of Elliptical Cross Section 


With Applications to the Problems of Bending 
of Curved Tubes and of the Bourdon Gage' 


By R. A. CLARK,? T. I 

This paper is concerned with the application of the 
theory of thin shells to several problems for toroidal shells 
with elliptical cross section. These problems are as fol- 
lows: (@) Closed shell subjected to uniform normal wall 

(b) Open shell subjected to end bending mo- 
(c) Combination of the results for the first and 
second problems in such a way as to obtain results for the 
stresses and deformations in Bourdon tubes. In all three 
problems the distribution of stresses is axially symmetric 
but only in the first problem are the displacements axially 
symmetric. 

The magnitude of stresses and deformations for given 
loads depends in all three problems on the magnitude 
of the two parameters bc/ah and b/c where b and ¢ are 
the semiaxes of the elliptical section, a is the distance of 
the center of the section from the axis of revolution, and 
h is the thickness of the wall of the shell. For sufficiently 
small values of bc ah trigonometric series solutions are 
obtained. For sufficiently large values of bc ah asymp- 
totic solutions are obtained. Numerical results are given 


pressure. 
ments. 


for various quantities of practical interest as a function 
of bc /ah for the values 2, I, '/,, '/, of the semiaxes ratio b/c. 
It is suggested that the analysis be extended to still smaller 
values of b ‘c and to cross sections other than elliptical. 


INTRODUCTION 


OR a closed shell, subjected to wall pressure, 
under the 


it is possible 


to obtain results for stresses assumption of 


no bending stresses in the walls. This is the so-called 
membrane solution which is well known (1,2).° It is reasona- 


ble to expect that the membrane state of stress in the toroidal 
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shell with elliptical cross section is a good approximation to the 
true state of stress if the shell is sufficiently thin. On the other 
hand, it cannot be universally applicable since the cylindrical 
shell with elliptical cross section can be considered as a special 
case of a toroidal] shell and, in this special case, wall bending alone 
resists the wall pressure. The problem then is to obtain a solu- 
tion which contains as limiting cases both the membrane solution 
for the sufficiently thin shell and the bending solution for the cylin- 
drica] shell, and which applies when neither of the two limiting 
cases is a good approximation to the true state This is done in 
the first part of the present paper. It is found that the theory 
contains a parameter yu, defined as VY 12(1 v*)bce/ah, where 
b and ¢ are the semiaxes of the elliptical section, a is the distance 
of the center of the section from the axis of revolution, A is the 
thickness of the wall, and v is Poisson’s ratio 
compared with unity, the toroidal shell behaves like a cylindrical 
shell of the same cross section. When yu is large compared with 
unity, the membrane solution is applicable. In the 
range, both bending and membrane action have to be considered. 


When y is small 


in-between 


The second part of the paper, which deals with the problem 
of tube bending, gives results for the tube with elliptical cross 
section which are extensions of known results for the tube with 
circular cross section. It was recently shown (3, 4) that the 
differential equations for curved-tube bending are similar in 
form to those for the complete shell of revolution. Consequently, 
most of the calculations for the shell subject to wall pressure can be 
utilized for the problem of the tube bending. It may be recalled 
that for this problem the effect of flattening of the cross sections 
is responsible for a reduction of the stiffness of the tube com- 
pared with the stiffness of the tube with straight axis. The mag- 
nitude of this effect also depends upon the parameter u 

The third part of the present paper which deals with the theory 
of the Bourdon tube makes use of the results of the first two parts 
in the following manner: 

Except for localized end effects, which fall within the scope 
of Saint Venant’s principle, one may take the solution for the com- 
plete tube under the influence of uniform wall pressure and caleu- 
late the internal section bending moment due to the pressure 
In the Bourdon tube this bending moment cannot be taken and, 
therefore, must be eliminated by a superposition of a suitable 
solution of the problem of bending due to moments applied at 
the ends of the tube. It is the effect of these superimposed end 
moments which causes the change of curvature of the fibers of 
the tube which is measured, in order to determine the unknown 
magnitude of the wall pressure. While the nature of this effect 
has been understood for some time (5, 6, 7), the present analysis 
is believed to go beyond what has been known so far. 

The methods of solution employed are as follows: For small 
and moderate values of the parameter yu, trigonometric series ex- 
pansions are used. The diffe:ential equations of the problem 
then lead to an infinite system of linear equations for the co- 
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efficients of the serv The infinite system is solved approxi- with Fig. 1(6), and if components of load intensity in the r- and 
mately by solving up to ten simultaneous equations 2-directions are called pg and py, respectively, the equilibrium 
large values of uw the differential equations equations become 
of the prot ire solved by asymptotic integration. In this 
manner simple explicit expressions are obtained for all quanti- 
ties of interest rhe practical range of validity of the asymp 
totic resu/ts and of the series results overlap so that the entire 
nge of values of uw are covered in the present paper 
Smace Dercection Turory Or THiIn SHELLS OF REVOLUTION ihe 
rep TO RoraTioNaALLy Symmerric Loap Ened br 


i summary of the general theory upor 


Details and cussion of the 


the ibject may be found in 


il co-ordinates 8, z, let the middle surface 


olution be represented by parametric equations of 


ind £ is the modulus of ¢ 
thickness of the shell 
(z The foregoing basic equati 
to two simultaneous second-ordeft differential equations for the 
te differentiation with respect to the parameter quantities 8 and (rH Combining Equations [4 fic 
8b] for the first, and I 5 / 7 
nts of displacement of points of the middk second, one obtains 
ons of r, 8, and z be denoted by u, v, and u 
et the angle 9 denote the rotation, due to de 4 rD ‘a 
tangent to a meridian curve, see Fig. l(a If Dia 
tationally symmetric, the displacements will also 


vell as univalued, which implies that the com 


Once Equations 
given boundary 
mined by means of I 
We now define 
causes only Gis} Ten and “bending 
middle surface are preserved the equations 
shown that the strains in the middle 


to the components of 


hanges in the principal curvatures of the middle 


given by 


where ¢ is the distance 
see Fig. 1(b 


. 7 NIDAL S S » Cross 3 ION St 
Equations [3] imply the compatibility ToROIWAL SHELLS OF ExLuipricaL Cro ECTIO BJ EC 


Tro UNIFORM NORMAL PRESSURE 
réom r €im ‘ For a toroidal! shell of elliptical cross section, Equations [1 


. ‘ , may be taken in the form 
If stress resultants Ne, Ne, and Q, and stress couples M; and 


We, acting on an element of the shell, are defined in accordance 
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where b and c: } miaxes of the cross section, and a is the M; and Me equa! to zero by assuming that the bending stiffne 
radius oi the see Fig. 2. According to Equation [2], factor D =0. From Equation |6c|, we then have 
we then have 

/ 20 


rH 
{14 


The quantity rV may be obtained directly from Equation [6a 


Using Equations [13] and [17], we find 


It is also convemient to define the parameters rt ra py lg = avp sim § (1 


By means of Equations (20), {21 6b), and [7 e may finally 
determine the membrane stresses (denoted by the subscript 47), 


namely 


Cou 


The earliest reference known to the authors, which gives these 


SHOWING DIMENSIONS 
membrane stresses for a toroidal shell with « lhpti i ross section 


is a paper by H. Lorenz (2 The same results are also given in 
Next, let p dene 1 uniform intert pressure intensity reference ; 

Radial and axial components of load intensity are then given by Corrections to Membrane Solution. It i nat ome ed 
of validity of the membrane solution must be limited, for the 
apy zp, ap 17 following reason A straight evlindrical tube of elliptical cross 
, , section may be considered as a toroidal shell with infinite radius 
If we now introduce the dimensionless stress _ a For this limiting case it is the bending stiffness of the walls 
which resists the pressure p. The question is then to determine 


ri 18 


the conditions under which (a) the membrane theory gives a good 


and assume that the this the shell is constant, we find approximation to the actual stress distribution; (4) the toroidal 


using Equations [13 7]. that the two simultaneous differ- shell behaves essentially as a straight cylindrical tube; and (c 


ential Equations [10] assume the form neither of the two limiting situations applies. The answer to 
this question requires the solution of the differential Equations 
19], with rV given by Equation [21 


In order to obtain this solution it is convenient to writs 
4 


where Vu is the value of V, according to the membrane theory 
and 9 is the correction to the membrane solutior Combining 


Equations [18], [20], and [21], we have explicitly 
ahbp 


We now substitute VY from on {i it quations 
19 In doing so we shall assume i r ’ h/a w 
small compared to unity. On the basis of this assumption we 
may neglect all terms in our equations which involy A de 
tailed discussion of this simplification may rence 
9 The basic differential equations ‘ ‘ issume 
now the following simpler form 


e? sin £ cos ¢ 


Vembrane Solution According to the so-called “membrane 
theory of shells, a first approximation to the solution of the pres- Having solved Equations [26] for 8 and 9, the 
btained by neglecting the effect of bend- and bending stresses defined by Equations [11]! are given the 


various direct 


ent problem ma 
ing of the shell walls. To neglect bending means that we take following formulas 
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= Ory + (Ehb/yaa) n cos — [27a] 


= doy + (Eh/ya) 7’ [27] 


= (6Eh/y*a) B’, Cog = Vor [27c, d} 


Formulas for the displacements u and w are obtained from 


Equation [3a] 


u= J(cB sin £ + b egy cos E)dE [28a } 


S (bB cos ¢ 


C €gyy sin £) dé 28b | 
When bending is significant the strain €gy is small compared to 
the change of slope and may be neglected in Equations [28a] and 


[28]. The following simpler formulas may then be used 


u = eSB sin & dé, b SB cos & dé 


Fourier Series Solution of Differential Equations. 
shell all quantities must be of period 2m” in the variable &, and 
the solutions of Equations [26] 
£. Neglecting A makes the solution of the problem symmetrical 
about the vertical axis of the elliptical cross section. This sym- 
metry, together with symmetry about the horizontal axis, implies 
that Fourier expansions for 8 and 9 must be of the form 


) A,, sin 2nf 


n=1 


byabp& 
p= > B, cos (2n — 1)€ 
c Eh? 


n=l 


(29a, b} 
For a closed 


may be taken as Fourier series in 


, by abp 
c Eh 


B=e 


[306 


If 8 and 7 are taken from Equations [30] and substituted 
[27] together with the membrane stresses from 


Equations [22] and (23] (again neglecting A), one has the fol- 
lowing expansions for direct and bending stresses 


in Equations 


1)B,, sin (2n 


2 ena? & 
e*? cos? & 


) 2nA,, cos 2né 
2 
n=1 
J» 
Vv 


Since it was assumed that b/a = A< 


[3lc]} 
e? cos? £ 


1, the stress ogp will, in 
general, be small compared with the stress gp. 

From Equations (29a, b] the following expressions are obtained 
for quantities dy and 4, which indicate the amount of flattening 
and bulging of the tube 


T 
jules 
l 7 abp , ‘, 
= he? 
2 Eh? 
1 


a= 


1)"*! 4n 
4n? l 
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Y abp 2 in 
ce? A (32d 
2 Eh? 4 tn? l 


Recurrence relations for the coefficients A, and B, are deter- 
mined by requiring the expansions, Equations [30], to satisfy 
Equations [26] identically. If we introduce the following auxil- 
iary expansions 


and then substitute from Equations [30] into Equations 


we obtain 


sin 2mE = 0 


34a] 


) 2m 1)*B,, 4+ > 


k=1 


(2k 


where 


A, =0,B, = B a 


Equations [34] lead to the following recurrence equations for 


A, and B, 
) ((4n%6,, a T RCe { 


n=1 


where 


and 


= (1/2) (ada 
The coefficients a,, and 6,, are given by 


cos 2mé c 
dg 
e? cos? £ 
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e? cos* E dé 


Using contour integration, Equation [38a | becomes 


aft =—§ ‘\ 
2 
b 1 + b S 


38+ | 


(39) 


The evaluation of Equation involves elliptic integrals 


For b < c we find 
(4/m) Ele 40a} 


» = 


b, = (8/39 e? )} E(e)}. . [406] 
where K and £ stand for complete elliptic integrals of the first and 
second kind, respectively All other 6,. may be obtained from 


the recurrence relation 
2m 
2m + 


For b > c one may use the formula 


1)™(b/c) b,(e/b) 


Using Equation [39], one may also deduce that for b < 


where 


474 
If the series, Equations [30], are each approximated by n-terms 
the recurrence relations, I quations [36], constitute 2n equations 
for the 2n unknowns A, and B, 

In view of similar work done concerning the bending of curved 
tubes of circular cross section (3), it is expected that the conver- 
gence of series, Equation [30], becomes slower as wz becomes larger 
For the present work numerical calculations were made for the 
three cases b/c = 1/4, b/c = 1/2, and b/c = 2, using up to five 
terms in each of the series for 8 and n 

Limiting Case of Straight Tube of Elliptic Section. We obtain 
the limiting case yu 0 if we allow a to become infinitely large 
Any 


cylindrical shell of elliptical cross section 


shell then approaches a straight 


To obtain 


portion of the toroidal 
results 
for this limiting case it is necessary to modify the foregoing dis- 
If we replace 9 by 


cussion somewhat since 7 —> © asa-—> 


7 = /h [48] 


Substituting from Equation 
take the form 


then remains finite as up — 0 
[48] and then letting u — 0, Equations [26 


e? sin — cos £ 


B’ so B 


1 e* cos? 


i sintE V1 e? cos? £ m, = 0.. [49a] 
b 
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SHELLS 


cos E 


e* cos? 


m 414b | 


2e . od 
“ e sin — cos & ; a8 ) 
E 1 


l e? cos? & 


where in determining the coefficient of the term on the right of 
Equation [49b] we have used the definition of uw as given by 
Equations [16]. Equation [49b] may be integrated directly 
Imposing the boundary conditions 


" = yreXb Ah)? (p EB) b)*? cos & 51 
If we compare this solution with the series, Equation [306], for 
n, we may readily deduce that, as uw — 0, the coefficients B, in 
Equation [306] have the limiting values 


B, = 6) . 52] 


51] for m, Equation [49a] also may be 


for 8 involving 


Using the Expression 
integrated explicitly to 
Instead of doing this, 


obtain an expression 


elliptic integrals however, it is found 
to be more desirable for the present purposes to have 8 expressed 
This series is given im- 


30a 


by a series analogous to Equation [30a 
* in Series Using the 


mediately by writing A, = pA 


definition of u we have 


Recurrence equations for A,* are obtained if we also replace 


? 36a} and take B, from Equations 


1. by w A in Equations 


52 The resulting relations are 


) in? 3 


n=l 


s are again given by Equations [37 


where the various 
et 
pA,* 


Using Equations Equations [31] and 


32! become 


56h | 


) PFs 
1° 
E (4n?—1 


where yw is taken from Equation |16] and the subscript S is used 
to denote that these are the stresses and deflections of a straight 
tube. Strictly speaking, substituting from Equations [52] into 
316] for on indicates only that gen 
0-« The limiting value [55 6] s justified by showing that for 


smal! values of uw we have B, = (¢/b)* 


takes the indeterminate form 


~ Me 
Solution by Asyn ptotu Integration As uw becomes larger it is 
necessary to take more and more terms in the series, Equations 


(30) for 8 and 9, in order to obtain satisfactory results. Obvi- 
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lure soon becomes impractical, making it de- 


ne other form of solution for large values of 
, 


large det 
using a method of 


we now rmine approximate 


t wis 


26 asymptotic integra- 


ference (3 


first derivative terms in Equations [26] will 


it effect on the solution except for 


nimport 


Neglecting these terms and introduc- 


Z= 8 +in 


P hp/Eh? 59 


it a particular solution of Equation [58] may be 


in expansion of the form 


mptoti uly t 


Z 


\ 
) 


60] into Equation [58 


61 


one expects | qua- 


mate a solution of I quation [58 within terms 


Wrox 


ipproaches 0 or m, cot =— 2 SO 


However, as ¢ 
The | idea now to be 


ipproximate 


valid isi 


for 


61) is no long 

i formula ul solution of 
h satisfies Equation [58] approximately for 
ke Equation [61], when & is not 


onsiderations we may restrict 
r/2. without loss of 


the Equation 


Fy mall val : 65) may be 


65 


Equation [64] into [65], we find that Equa- 
sfies Equation [58 ipproximately, provided 


66) 


ximate solution of Mquation 


in appr 


Thus } quation [63 


} 
1 f& 


is Vand 


58! whicl values of $ mains only to deter- 
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solution 


mine a 
boundary conditiotr 


From |} q 


we 


iat 
find th 


where subscripts 
und where 
1 — e? cos? § 
ind 7 
The | 


sym 


with re 


oundary cone 


from etry consi 


Equations [30 


it follows th we mus 


Condi 


Equation 


power 


ire B10 


re 


solutior 
terms ol 
The re al 
alsu 
tional 


mphes, 
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These formulas show i i omes larger, Gg becomes neg- 


ligibly small, whik t ! ‘ ipproach the membrane stresses 
Ory and Oe Thus for sufficiently large values of uw the solution 


| with elliptical cross section 


of the problem of the toroidal shel 
subjected to uniform normal wall pressure is indeed given by the 
membrane theory 

If we take u from Equation [29a], the quantity 6, = u(m/2 


(0) becomes after some transform 

5 2 72 

On ae? (« d2 

Vor dy we have, using Equations [296] and [67a], the expression 


pl? 


0, 


Discussion of NV ume al Result As we have noted, the domi- 
nant direct stress is ¢ep, provided yw is sufficiently large This 
stress is obviously largest at § = *=w/2. At & = w/2 the ratio 
of gep, as given by Equation [314], to the membrane stress 
oom, given by Equation [23] (neglecting A), is 


T#D.max TF 


Using the results of numerical calculations for the series coeffi- 
cients A, and B,, this ratio has been plotted in Fig. 4 as a fune- 
tion of M for the three cases b/c = 1/4, 1/2, 2 For large u the 
asymptotic form, Equation [716], simply gives oepx/2) = 
Geu(w/2), which is indicated by a broken line in Fig. 4 We 
see that unless yu is sufficiently large the membrane solution may 
be considerably in error 

The dominant bending stress ¢gg is largest at the points of 
maximum curvature of the shell, that is, at & = O or # for b < « 
and at & = =7/2forb> « If we compare the maximum valu 
of og, to the maximum value of the corresponding stress in a 
straight tube of the same cross section we have, from Equations 


3le| and [55¢ 


The quantities given by Equations [75] and [76] are plotted as 


functions of uit r.5. The broken curves represent the values 


obtained for o¢,(0)/e¢gs(0) with b/e = '/, and b/e = '/s, using 


the asymptotic Equation [7lc], and the exact value of og, 


The corresponding formula is 


Tt Bmax 3.76b) 1 


‘ 


ops. a b; w'/* 


Fig. 4 Ratio or Dominant Direct Srress cep(r 
SHe.t Sussecrep To Untrorm Wat Pressure 1 
Direct Staess or Memprane THeory o¢M (x 


amy l he jah) AND 


pA 


hic. 5 Ratio or Maximum Benning Stress In 1 


Tose Sussectreps to Unirorm Watt Pressure i ORRESP« 
STRESS of BS oF a SreatcutT Tune Wirn Same a8 See 


The corresponding asymptote for o¢g( 4 /2)/a¢, 


> 


ROIDAL 
INDING 
TION 


2 is the line ogg( 7/2) = 0 to within the order of the approxima 


tien represented by Equation [7 1: 


Since 7ap, eax — 0 as uw — 0, it follows tl for sufficient! 


smal] gy the maximum stress in the shell o the bending 


stress ogg. However, for sufficiently large uw the situation is 


reversed, since Cin then becomes negligible compared 


ve 


For b/c ‘4, o QO) and dep ar re approximate equal tor 


ta 


mM 8 For 4é/« , bs um pproximately 


equal for p i 


In Fig. 6 we have plotted the ratios he splacements 


6, and 6, to the corresponding quantities for traight 
From [Equations {32} and [56), these ratios are given by 


tube 
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bic. 6 Ratio oF 
MENTS IN TOROIDAL 
TO CORRESPONDING 


Maximum Hortzontat ano Verticat Disprace- 
Tuse Sussectep To Unirorm Watt Pressure 
DisPLACEMENTS FOR A StraicutT Tupe or Same 

Cross SEcTION 

For the case b/c = 2 the values for the ratios by /dy5 and by /dy. 

are not identical but differ by too small an amount to show in the 

graph 
In design considerations values for the deflections éy and 

6, are frequently estimated» by neglecting the curvature of the 

center line of the toroidal shell. The present results indicate the 


conservativeness of such estimates 


Benpinc or Curvep Tuses or Evupticat Cross Secnon 


In a previous paper (3) two of the present authors considered 
the problem of the bending of curved tubes from the point of 
view of shell theory tesults were obtained for tubes of circular 
cross section for the full range of values of wu. Corresponding re- 
sults also were obtained for tubes of elliptical cross section for 
large values of wu. Since the problem of the*bending of curved 
tubes is closely related mathematically to the problem of the tube 
subjected to wall pressure, we may extend the previous work on 
tubes of elliptical cross section to the range of smaller values of 
u for which the asymptotic methods used before are no longer 
ilid 
If we consider the center line of a curved tube to form an arc of 
i cirele, then the tube forms part of a shell of revolution, and the 
theory outlined in the section, Small Deflection Theory of Thin 
Shells of Revolution, may be applied with a slight modification 
i The modification arises from the fact that for a curved 
tube the displacements u, w, and v no longer may be assumed 
and Instead we 


is multivalued and of the form 


to be axially univalued must 


asvimmetri 


assume that 


kr@ 


[79] 


where k If x is the curvature of the center line of 
ind Ax the change in curvature due to 


onstant & may be interpreted as the relative 


is a constant 
the tube (i.e., « l/a 
bending, then the 


change in tt 


Ak /k [80] 


On the basis of Equation [79], it is found that Equation [3d] is 
changed to 


tau = u/r) + k {81} 


This modification of €¢,, adds the term r’k to the right side of the 
compatibility Equation [5] which produces a corresponding modi- 
right side of Equation [106]. Aside from these 


ind equations of the section just mentioned 


fication of the 

changes the theory 

remain the same 
Using the notation of the section, Toroidal Shells of Ellipti- 


cal Cross Section, for a tube of elliptical cross section the fore- 
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going modification of the theory introduces a term on the right of 
Equation [19b] which is of the form 


uk cos = 
é e? cos? § [82] 
1+Asin é 


If terms in A are again neglected and if we assume now that there 

is no pressure acting on the tube walls, the equations correspond- 

ing to Equations [19] for the bending of a curved tube subjected 

to an applied moment become 

3° e? sin & é a 4 
l e 3 b 


c 


sin 


e? sin & cos c 


1 e 


Vv’ sin 


cos? £& b 


= pk cos 835 
Except for the form of the term on the right of Equation [835] 
these 


{26} 


be expressed as Fourier series of the form 


equations are mathematically the same as Equations 


Consequently, the solutions of Equations {83} may likewise 


8 = —pl ) 4,’ sin 2né 


ind B, 
36! for the coefficients A, and B, except that the 
the 


By analogy the recurrence equations for A are the same 
as Equations 
right side of second equation involves the coefficients in 
Expansion (33) instead of those in Expansion [33a] 


the term f,, 


Explicitly, 
on the right of Equation 366 | is now replaced by 


[85 


while the other « Cony Amn, and e,, are the same as be- 


fore 
Having solved the re and obtained the 
coefficients A,’ and B, 


m, which produces the bending of a tube 


urrence equations 


1 relation between the applied moment 
and the constant k or 
the change of curvature Ax, may be obtained from the following 
equation defhning 

ajaN edt [86 


- f° 


Substituting from Equation 


of V 


6) | for aNo, integrating by parts, 
and writing rH in terms 
[86] becomes 


using Equation [18]), Equation 


Eh*b/y) fo” ¥ cos § dé 87 
Introducing V from Equation [846] into Equation [87] we have 


m = E(mhb*c)B,' Ax 88} 
where we have used the definition of wu given by Equations [16] 
and have set ka = Ax according to Equation [80] 


For a straight tube, elementary bending theory gives 


m = EIAk 89] 


where J is the moment of inertia of the cross section of the tube 
and E/ is known as the stiffness factor for the tube 
define a ‘‘rigidity factor’’ p for a curved tube such that 


If we now 
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m = pki Ak 90 


then pE] is the “effective” stiffness factor of the tube. Equating 


Formulas [88] and [90], we have 


p = (mhb*c/I)B, {91} 


The moment of inertia of the elliptical cross section is given 


by 


I 
ayhadgt = rh b, hcb? 


» 


where bo and 6, are given in terms of complete elliptic integrals by 


Equations [40 12], Equation [91] becomes 


finally 


Using Equation 
43 
using asymp- 


For large values of u it was found in reference (3 


totic methods of integration, that 


A tabulation of the as a function of b/c shows 


that it may be 


quantity 5 


ipproximated with an error of less than 1 per cent 


(SC) 


Using this approximation and taking w from Equations [16] the 


by the formula 


asymptotic representation, | quation [94] may also be written as 


0.680 ah /«? . 
94a 

V1 y? 1 + 0.178) 

factor p is plotted in Fig. 7 as a function of yp 


ases bic = ‘ 1, 2. The 


The rigidit, 


for the four broken lines are 


BENDING OF 


Fie. 7 Rie 0 FoR STireness in Pure 
Curvep Tuse Wits 
‘ 


VALUES oF | AND uw = VY 1201 4 he /ah 


mTicaL Cross Section ror VarRtiove 


the results of using the asymptotic Equation [94 The curve 
for b/c = 1 is taken from reference (3 It is evident that as 
b/c becomes smaller, larger values of uw are required before the 
asymptotic solution agrees with the series solution. 

We now turn to the consideration of the stress ogp. Combin- 
ing Equations [65], [11a], and [18], we have 


den = (Eh ya y’ [96] 


STRESS, DEFORMATIONS OF TOROIDAL ELLIPTIC 


SHELLS 15 


If we compare this with the maximum fiber stress, in a straight 


tube, namely 


Oxy = mb/l = pE(k/ab [97] 


we have, taking V from Equation [846] and p from Equation 
93 


b b : B, 


sin (2n 


2~ l e? cos? § (B 

From work done coneerning tubes of circular cross section, it is 
expected that for sufficiently small values of yw this stress is 
numerically largest at é = «7/2 but that as uw becomes larger 
the points of maximum fiber stress move closer and closer to the 
neutral surface 

It was also found in our previous work that for sufficiently 
large pw, sav, ¢ > 5 or so, the maximum stress occurring in a tube 
is the wall bending stress og, rather than the stress ogp. From 
Equation [27¢], with 8 from Equation [84a] and o.y from Equa- 
tion [97 |, we find 


b 


3 
\ ev i 


For b < to 


maximum of oggis at £ 


which cases we will restrict attention here, the 


Oor Ff, or 


OEB.max 
Ua 


Oxy 


The corresponding asymptotic formu cording to reference 


3 


sy has been plotted for 
the same as for other 


isVmptotes are taker 


Fic. 8 Ratio or Maximum Watt Benpine Stress ror Curvep 
Tuse tn Pure Benpine To Maxmum Fiser STRESS FOR STRAIGHT 


Tune Witx Same Cross SEcTION 
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ANALYsIs OF BourvON Tupes Wirn Evuiptricat Cross Secrion 


rhe basic principle of a Bourdon tube is that if pressure is 

, } , rhe moment m, is same as the moment 

introduced into a curved tube, closed at the ends, the tube wil a 

} } 87] and onsequentiy, we have 

uncurl by an amount proportional to the pressure, provided 

it is not otherwise restrained. This action may be explained as A 
A 
follows: Consider first the complete toroidal shell subjected to 

internal pressure When 6 < ¢ this pressure produces circumfer 

ential compression in the portion of the wall nearest to the axis of 

the s , and circumferential tension in the portion of the wall 
furthest away from the axis. Consequently, the internal pressure 
is associated with a resultant internal moment of the circumfer- 

ential stresses dep. Now take only a portion of the complet 

torus, with the same internal pressure and with the ends closed 

but not otherwise restrained. The shell can now no longer tak: 


the moment of the stresses Jeno It follows that, exce pt for ed 
effects, the state of stress and deformation in the incompl te 
toroidal shell may be considered as a superposition of two states, 
namely, that of the complete torus under internal pressure and 

that of the incomplete torus without wall pressure but acted upon 

by end bending moments Both these states have been con- 

sidered in the foregoing discussion Fie. 9 Ratio or Moment m 
lorus Suspsectep To Unirorm Né 


The moment over a cross section produced by a pressure p may 
F i I )RRESPONDING MOMENT mpm Acc« 


ve computed from Equation [86]. With Ne = hoep and aon 
taken from I quation 27h), I quation |S6 becomes 
— From this relation there follows for 
u Eh*b/¥) i n cos é dg {100} Ax of the Bourdon tube the expression 


where the term in 7 is obtained by integrating by parts and where A mw 
m, y is the value of the moment m, according to membrane theory aii Erht 
or 


7 In view of Equation [92] this may b 
wy = wetabcp 101 


rhis moment m,y is given by Lorenz (2, 5) and Schubert (10), Ax = : 107/ 
but as far as is known, the correction to it due to wall bending has 
never been determined explicitly. If we introduce 9 from Equa- 


} + ] int ‘ , ! ’ 
} rg alues w itroduc ite a , Ot he 
tion [30], Equation [100] reduces to For large values of w we introduce into qu 106 


quantity m, as given by Equation [105] and the quantit 
102 given by Equations [90] and [94 This gives the fo 

; = ple result 

For large y, if we take n from Equation [676] and introduce z = ; 
u'/* sin £ as variable of integration, we have Now 
Ak : EI 
11 | *) “* cos §& 


T Aa dz | 103 
J 


rp. Equations [1076] and [108] may be comp 


Ax = ma /EI which was obtained by 


of the behavior of 7'(7), as shown in Fig. 3, the major - 
: : and again used in reference (7 Lorenz’s f« 
contribution of the integrand to the integral in Equation [103 


" : hic , suggested by Schuber We note tl 
urs for sm tues of In Whi inge we May approximate 
1 = vo dag ppt ; presupposed that the rigidity factor p is rep 
tion in the integrand by unity As an approximation for 
time the moment 7» 
en take 
mation p 1 is good only for very 
roximation 7 = Moy 18 ood only for ver 
104 I , f tiie 

M; so using them simultaneous cannot ve 

7 taker This fact is borne out by our numer 

the 7/2 has been determined by numerical integra- a " 
results of which are given in Fig. 10 
Ak mow EI would appear as a stra 


tance from the y-axis 


Substituting this value in Equation [103] we have finally 
ing simple expression for the moment pro- 
pressure p Concerning the present calculations, it s 
2/u when b/e = '/, and yp 15, the series solutior 
very rapidly This is indicated by plotting sey 
, lin Fig. 9, using Equation [102], and sults obtained with 6, 8, and 10 simultaneous equations, respec- 
the numerical results of the trigonometric series solutions. It is tively. The true result will be nearer the asymptotic result 


noted that unless yu is r] irge the membrane moment m4 than that obtained by solving 10 simultaneous equations 

is considerably in error Our results indicate that as long as c/b < 4 the asymptotic 
For the Bourdon tube the moment m, must be balanced by a Equation [108] is sufficiently accurate for practical purposes as 

moment m, which is applied over the end sections of the tube, so soon as yw is larger than about 6 or be/ah is larger than about 2 


that The following alternate form of Equation [108] also may be listed 
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Then with m,y from Equation 


Write x = 1/a, Ak Aa 
101] and J from Equation [92] we have 


ses f 


Aa pat J 
V 301 - vumerical ¢ lations for 
‘ o 


. Et . ‘ that the values of from their 


x/ Tips gradually decrease 
This simple formula for the sensitivity of the tube is applicabl maximum 1, Fig. 11 Thus we have found the noteworthy re 
sult that the maximum bending stre in the Bourdon 


is cb/ah is larger than abo or 
ften ne below, the corresponding 


} } ‘ 
cb/ah the second term inside the always below it ol 


is long as ct 1 as soon tube 
sufficiently ree | of 
th the result of an even simpler for- 


racket ma i 


mula 
Varimun 


tl it the criti resses 
points where the curvature of the 


Bourdon Tube. Experience indicates 
in a Bourdon tube are the bending 
cross 
As tl 


tk he internal 


stresses Ory it 
section is gre t the points & = Oand & 
stresses are combining those due 
pressure and the 1 superimposed bending moments at 

ends of T 


0) + oee.(0 109} 


Cc, from Equation [3la] and 


In Equation [99 


106 102 
Maximum Bent 


the same 





ill pressure p 


sufficiently lar values of uw we obtain in a similar fashion 


Equation [71 ind from the asymptotic formula for 


the following asymptot formuls 


o express this stress in 


in a straight tube as giv 


Equation compared with quation [110 
In Equation 2) we may again introduce 
straight tube which is given 


the corresponding 


bending stress 


( onsequent 
ows that Equation 


where bp and }, are given as functions of b/c by means of Equation 


113a] is also plotted in Fig. 11 and it is seen 


hquatior 
d the asymptotic curve begin to approac! 


act curve a 


when wis greater than about 5 


Our usVinptotic solution 


omparisons of the 
solution have been carried out for cross-section rat 
rreement Was foun 


ig 


und for these values of } 


factory In practice one would generally use sm 
b/e than these It remains to be determined to 
the isymptot 


these smaller values of 


solution must be modified in order t 
b In particular, it seems ce 
igate the behavior of the solution when the rati 


inves 
to zero 
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Torsion of Curved Beams of Rectangular 


Cross Section 


By H. L 


Recently, W. Freiberger’® obtained an exact solution of 
the problem of uniform torsion of a segment of a ring of 
This paper prasents a solution of 
the problem for the rectangular cross section. O. Goh- 
ner’ previously treated this case by an approximation 
method. 


circular cross section. 


INTRODUCTION 


NIFORM torsion 


the beam has variable curvature 


cannot be realized exactly if the axis of 
If the axis is a circular 

arc, uniform torsion can be obtained theoretically by 
fixing one end of the beam and applying a force P at the end of a 
free end of the beam to the 


radial lever that extends from the 


center of the are, Fig. 1. The stress distribution that is obtained 


since a shearing 


in this way is not pure torsion, in the usual sense 
force P exists o1 any cross sectior 


FORMULATION OF THE PRroBLew 


The axis of a curved beam is understood to be a1 


specifier 
The are 


serves as 


ss sections of the beam 


curve that is normal to the er 


length z, measured along the axis from a fixed point 


co-ordinate for locating cross sections of the beam. Reetangu 


lar co-ordinates x, plane of a cross section are situated so 
iXIs of the beam, and the Y-AXIS ¢ oincide = 
with the principal n the 
y-axis is directed away from the center of curvature of the axis 


of the beam, Fig. 1 


co-ordinates These 


that their origin is on the 


rmal t axis of the beam The positive 


The variables z, y, z, are curvilinear spac 


~-ordinates are orthogonal if the axis of the 


beam is a plane 


The conventio | stress notations are used Gohner** has 


shown that when the radius of curvature R of the axis of the beam 


is constant, n itions of he equations isticity exist 


that satisiy the 


! Professor, retical 
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oshenko, art. 111, McGraw-Hill 


1934, p. 355 


by 8. Tin 


w York, N. Y 


Discussion re- 
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va 


oad . 
a a 

. » 
\ 


hic. 1 Generar View or Beam 


Then the equilibrium equations reduce to 


Phis equation may be derived by balancing the zcomponents of 


ree on a differential volume element equation [1] shows that 


saftunction @(2 vy) such that 


Since a volume element of the bean 


ergy, per unit length of the 


[ fes ?’ 
| 
a) . R 


rque is 


strain er iXIs 


The t 
V 


By the principle work, the compatibility equation is 


obtained by minimizi mong stresses that satisfy Equations 
2! and [4 The 


method of L 


condition (Equation [4]) will be 


The modified 


SUNTINATY 


treated by the grange mu tipliers 


strau nis 


wf Figko wre 
(,? + @,? 
PF «és (R + y)' , 


2cP 
(R + 


energy expressit 


(co, + y@,) | de dy 


y)? 


in which @, and ¢, are abbreviations for 0@/dz and 0@/dy. The 
factor 2CP is a Lagrange multiplier. P denotes the shear load on 
the beam 


The Euler equation is 
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9 of c y Equations [12] and [13] may 
dr Od, : strain-displacement relations 


the co-ordinates z, y, 2 This yutine probl 


in which F is the integrand of Equation [5 sequently, the 


lus 
compatibility The usual stress-strain 1 " is (% 
0d, = J 
Also ¥ 


that these 


. 


] considera- 


derived by Gohner by geometrica 
torsion problem, the boundary condition 1s 
(Toe, Tye) These equ how that the cross 
boundary rotations nor deformations in their pla 
arbitrary lated in the 2-directior 
The constant *& n 


v of Equations (2 





LANGHAAR—TORSION OF CURVED BEAMS OF R ‘ ‘ROSS SECTION 


SOLUTION FOR THE RECTANGULAR SECTION 


The general principle of similarity for elastic structures deter 

mines the effect of the size of the beam. Consequently, there is no 
loss of generality if the width of the cross section is set equal to Thus the values of 
mw, Fig. 2. aries 
Equations [24 


The constants A ind B, may 
when Y, and ). are giver 


Equations [7], [22], and [24] vield 


aa  S* Aahn¥) 


—— 





Cross Secrion or BEAM + BLKA(nY)!} co 28 


A solution of the following form will be sought An irrelevant additive constant has been discarded from Equation 
f i 98 
If zis a large positive number, the functions / ind A, ) have 


recP . f 
+ a, COS nz y . 
1R2 ; the following asymptotic approximations 


1,3,5,-* 


The coefficients a, are functions of } Since the series vanishes 
forz = 7/2, Equation [22] automatically satisfies the boundary 
condition (Equation [9}) on the edges z +r/2 
Equation [11] vields the following differential equation for the By virtue of these formulas, Equation [28} reduces to the formula 
coefficients for the torsion function of a straight bar of rectangular cross 
section, if R becomes infinite and lim CP/R mist 
da, : > Equations [2] and [28| yield 


dY 


The substitution a, = ” Y? reduces this to the modified Bessel 


equation of order ‘ The general solution is 


LJinY) + BLRAnY) 


in Which 7, and A, are modified Bessel functions.® 
For the boundaries Y, and Y Y, (Fig. 2), Equations 


9] and [22] yield P = S fr dx d¥ 


Consequently 


shearing force P on a cross section is 





The range may 


This equation is valid he range 0 < 
be extended to wT, 7) by the introduction of the following func 


This equation determines the co 
For the evaluation of the function 


recursion formulas are useful 


The cosine ie r this f tion has only odd coefficients 


Consequently the coefficients a, in Equation [25] are obtained by 
1 Fourier expansion of the function f(z) in the range (—1, 7) 
The result is 

Watson’ has tabulated the functions J», /;, Ay, A, for real argu 


5 *‘Bessel Functions,"’ by G. N. Watson, The Macr ments up to 16 For larger values of the arguments, the isvmMp 
New York, N. Y., 1944, p. 79 


totic series may be used 
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1,(z) . , se — 1? , CA— 1) Oh — 
a V 2m: (Sz)! \1 (82)? 2 


: | 4y? l (4y? 1?) (4v? 3°) 

K(z) = e~* \ ' + “* + 
2z (82) |! (82)? |2 

For z > 16, good approximations are obtained with the first two 


terms of the series 


NUMERICAL EXAMPLE 


=4,),=6,R = 5. Then Equations [27] become 





l 


rl 42 


n M / 
(—1) ? (9/.(6n) 4/,(4n) | 014 HM 
a. * ) ne n ; + @. 14 pag SS: IFO oO 


18arn®|/.(6n)Ke(4n) 1.(4n) K.(6n) 


n 1 
( > 9K,(6n) 1K.(4n) 
| 
18m n3(/.(6n)K.(4n) I(4n) K-(6n) -0.60, 0 0.48, t9./F rar 
+ 
| 
| 


3 . 4 
These equations yield +10o 
e 
\ 1.197 x 10 1.704 x 10 
A 7.747 X 10 
4; = 2.015 X 10°*', B, 8.704, B, = 2.280 x 10° 
B 2.012 x 10°, B, = 2.653 « 10° 


Hence Equation [31] yields C = 24.75 1@.3 Stress DistrRipvuTion 
For P = 1, Equations [29] and [30] vield 


r.. = 2.400 cos zr — 0.387 cos 3x + 0.146 cos 52 
0) 076 cos 7x 4+ 
0 


1.069 cos z 0.078 cos 3r + 0.011 cos 5a 
0 002 cos 7x + 
2.446 2 2.242 sin xr + 0.093 sin 3x 0.012 
sin 52 + 0.002 sin 7r 


0.150 cos 0.006 cos 32 
1.981 2 1.662 sin x + 0.029 sin 3. 0.002 
sl ’ 
0.642 cos 0.046 cos 3. 0.006 eos 5. 
O.OOL cos 7a 
637 1.492 sin x + 0.049 sin 3: 
0.006 sin 52 + 0.001 sin 72 


1.528 cos x + 0.210 cos 3. 0.074 cos 5. 
<7 


mp i by these equations have been tabulated on 


cross-sectional drawing of the beam, I ig. 3 





For a straight bar with the same torque (5 units), the maximum 
stress is 1.69. This occurs at the point z 0, ) 4 In this 
nple, the stress at this imntis<’:'O 
Phe deflection formula (Equation (2 vields 
$95 P 2 
G 
rhe strain energy formula (Equation [19 
2.475 P 
G 


Comparison Wri Ligsecke’s CHARTS 


Basing his calculations on the theory of Géhner, G. Lie- a - P=1 
K an , , i ' 4 ' 5 __..j__Cenrer oF Cuevature eer 


* Reference 4, p. 249 Fie. 4 Grapx or SHEARING Stress aT THE BOUNDARY 
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secke’ has constructed charts that give the maximum stress and 
the deflection of a curved beam of rectangular cross section, 
loaded as shown in Fig. 1. If the effect of pitch is neglected, 
these charts are applicable to helical rectangular-bar springs 

Using the Bessel-function equations in this paper, J. Krabula 
has checked several points of Liesecke’s charts. In each case the 
width of the beam has been taken to be w units (Fig. 2), and the 
load P has been taken to be 1 unit. Also, in the deflection for- 
mula (Equation [21)), the ratio z/G has been set equal to unity 
Table 1 gives Krahula’s results and the corresponding values from 
Liesecke’s charts. The results indicate close agreement between 
Gohner’s solution and the Bessel-function solution. 

Since, in some cases, the maximum shearing stress occurs on the 
flat sides of the beam, rather than on the concave side, Krabula has 
plotted the shearing stress on the entire periphery of his deepest 
cross section, Fig. 4 This cross section, which has the greatest 
aspect ratio that is included in Liesecke’s charts, still has the maxi- 
mum stress on the short edge. Evidently, the stress distribution 
4 is quite different from that which results by tor 
The difference is 


shown in Fig 
sion ola straight bar of the same cross section 
zylinderscher Schraubenfedern mit rechteckigen 


Liesecke, Zeitschrift des Vereines deutscher 
425 and 892 


7 “Berechnung 
Drahtquerschnitt 


Ingenieure, vol. 77 


by G 
1933, pp 


TORSION OF CURVED BEAMS OF 


RECTANGULAR CROSS SECTION 


RESULTS 


Deflection wu 
By equations By 
Liesecke derived in Liesecke 
¥; : this paper charts this paper charts 
. 16 25.2 0.754 0.735 2 06 
4 s 9.84 0.960 0.925 Y 1.58 
4 6 24.75 2.10 2.12 4.97 


TABLE 1 COMPARISON OF 


Maximum shearing stress 
By equation By 
derived in 


Dimensions 
Y Cc 


partly attributable to the fact that the curved beam carries a 
shear load P 
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PosTSCRIPT 


The author learned belatedly that the formula for the stress 
function, Equation [28], was stated previously by J. H. Michell.* 
He showed that this equation satisfies the differential equation 
of the problem, and he determined the coefficients to satisfy the 
boundary conditions 

* “Uniform Torsion and Flexure of Incomplete Tores,” J. H 
Michell, Proceedings of the London Mathematical Society, vol. 31! 
1899, pp. 140-141 





On the Direction of Fatigue Cracks in 


Polycrystalline Ingot Iron 


By F 


A statistical analysis is developed to show how a micro- 
scopic shear failure can result in the apparent tensile fail- 
ure of polycrystalline iron in rotary bending fatigue tests. 


INTRODUCTION 

WATIGUE 
in rotary bending, progress on surfaces of high shear stress, 
On the other 
hand, the average surface of cracks in polycrystalline specimens 


cracks in single crystal specimens of iron, tested 
that is, diagonally across the specimen (1).? 


is that of a plane of maximum tension, or one perpendicular to 
the axis of the specimen Microscopic examination shows that 
the cracks in polycrystalline specimens are not straight, but tend 
to zigzag from one crystal to another (2, 3, 4, 5,6). This seems 
to indicate that cracks in both the single-crystal specimens and 
in the individual crystals of the polycrystalline specimens pro- 
gress on suriaces ol high shear stress, and that the average direc 
tion of the eracks in the polyerystalline specimens 1s due to the 
random orientation, in the various crystals, of planes of maximun 
shear stress containing a <111> direction This hypothesis 
will now be checked in detail 

To simplify the problem, assume that cracks progress only 
on planes of maximum shear stress The intersections of these 
planes with the surface of the specimen will be lines making angles 
of 45 to 135 deg to the specimen axis Assume that, after a 
crack has traversed one grain, it must progress on a surface of 
Although there may be 


the the 


maximum shear stress in the next grain 


i tendency for cracks to continue on same surface, 


requirement that they progress on surlaces ol high shear stress 
lll> 
If the crystal orientations are random, the effect may 


containing a direction is likely to cause a change of 
surface 
be considered to be the 


same as a random choice of a plane of 


maximum shear stress in the neighboring crystal. The easiest 
way to check this hypothesis is to use it to predict the directions 
that the cracks take on the surface of the specimen and then to 


compare the predicted value with that found experimentally 


ANALYSIS 


In accordance with Fig. 1, let S; be the specimen axis and S, 
the normal to the Let 
which makes an angle of 45 


specimen surlace v be the normal to 


the plane of maximum shear stress 


deg with S Let ¥ be the angle at which the plane of maximum 


shear stress intersects the surface ¥ may vary from +45 deg 
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he relation be- 


taveen ¥ and @ is given by 1 


to 45 deg as v moves around S; in 


tan y 





If all values for @ are equally likely, then the that 6 


ind @ + 


probabity 


will lie between @ 16 is given | 


p.O)\d6 = d0/2e for O-< 


[2] 


dé = df//cos? fy V 1 tan? y 7 [3] 


and since the same values for Y can positive 


and negative values of 6, the correspondin listribu- 


/ 


tion of y 1s given by 


ly = 2Udy/2ecosty V1 


For a crack of 


Therefore 


lor 


This distribution has zero mean 





McCLINTOCK—ON THE DIRECTION 


In order to evaluate the 


/ 


to y 


integral, change the variable back 


sin? Ydy 
; 


~resy V1 2 sin? y 


The presence « I rigonometric functions suggests the sub- 


stitution 2 


reosyv\ 
The 
counterclockwise 


2, the 


differential dz is taken unit circle in a 


is a segment ol the 


direction for ly > 0 On the contour shown, 


Fig arguments of these differentials decrease by w/2 at 








Pherefore the 
7/4 equals that from y 3m /4 


=1/vVv2 2 ind | + 
integral from ¥ w/id te 
to 5/4, and the 
The integrals along the indentations at z = 
V 2 become small 


ipproacl zero ' ls along the indentations at z = +1 


ntegral will be imaginary elsewhere on the unit 
V22 


as the radii of the indentations 


circle + | 


ire given by 


Their total contribution to the contour 


2. Now 
and 


integral is 


applying the residue theorem to the entire contour 


con- 


sidering only the real parts 


Finally 


If the crack 
tion in the S; direction will be the sum of the deviations across 


traverses n grains on the surface, the total devia- 


each grain. This total deviation will have a distribution with 


> 


OF FATIGUE CRACKS IN POLYCRYSTALLINE INGOT IRON 


mean zero and variance equal to the sum of the individual vari- 


ances 


14 


progress ol the 


For a crack of unit length, the crack in the S 


direction is given by 
15] 


Therefore 


and since the sa 


the distribution f 


utio 


distri 


0.0106 


Therefore the total length in the direction of a crack across 


n grains will be distributed with mean 0.8346 n, and stand 
deviation 0.103 'Y » 


neglected 


For large values of n, the deviation may be 


in comparison to the mean value Phen the number 


of grains ol linear nsion g traversed by a crack which pro 


iround the specimen 1s given by 


s 0.8346 g 24 


Comparison With Experiment 


For 


twelve 


comparison WwW th the theory derived in the foregoing 

Moore-ty pe specimens of ingot at 27,000 
psi and examined. The grain size, found by counting the grains 
250 to 300 


circumferential direction 


iron 


were rul 


intercepted per unit length of a straight line, was 


grains per in. The deviation from the 
of the center 90 deg 


erack of ear h specimen 


0.236 in.) 


The 


was measured for the major 


number of grains traversed, trom 
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Equation [24], was 71 to 85. The standard deviation of the 
deviations of these cracks in the axial direction was 0.0238 in., 
and the 98 per cent confidence interval for the standard deviation 
of the population from which this sample was drawn is 0.0166 
0.0469 in.? The foregoing theory that the 
standard deviation would be between 0.0167 in. and 0.0183 in 


If anything, the cracks are farther from the circumferential 


in. to predicts 


direction tnan predicted. This might be due to a tendency for 
cracks to 
The main point, however, is that the theory adequately explains 


crack 


continue on the same surface at grain boundaries 


how a shear failure can cause a which, from a macro- 
scopic point of view, appears to be on a surface of high tensile 


stress 
CONCLUSION 


In the past, fatigue failures in iron have often been thought ot 
as tensile failures (8,9). The shear failures obtained in torsion 
tests have been explained by a loss of the statistical isotropy ol 
The results 
of this study suggest that fatigue failures are truly shear failures 
The circumferential cracks obtained in polycrystalline iron in 


the polycrystalline material due to cold work (10) 


bending tests can be explained by a statistical theory such as 
The axial and circumferential cracks in 


that given herewith 
torsion tests on polycrystalline iron can be explained by a shear 


failure on a microscopic scale, cou] led with a tendency of cracks 


not to turn a right angle at grain boundaries. The helical cracks 


observed in torsion tests on steel under certain conditions (10 


remain to be explained 


That is, these obtained using statistical met 


that are 


limits 


were 


correct YS per cent of the time they are 


applied 


MARCH 
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Supersonic Flow With 


By F. P. DURHAM, 


Formulas are developed for stagnation conditions and 
one-dimensional flow through shock waves, including 
Rankine-Hugoniot values, taking into account the varia- 
tion of the specific heat of air with temperature by means 
of the concept of mean specific heats. These formulas are 
reduced to correction factors that may be applied to the 
widely used constant specific-heat formulas up to a Mach 


number of 7. The corrections involved are appreciable in 


the case of the density change through a shock wave and 
for the total pressure ratio across a shock wave, as well as 


for stagnation pressures and temperatures. The limita- 
tions imposed by the deviation of a gas at high pressure 
from the ideal equation of state, relaxation time, and dis- 
sociation are discussed. 


NOMENCLATURE 


The following nomenclature is used in the paper 


A (p,/p) 
4 (7T,/T) 
A (M..) 
A (p2/pr) 
A (T;/T 
A (p:/p 

A (pu/p 
1 (pe/p 


Correction factors to be applied to quantity in 
parentheses to take into account variation of 


specific heat with temperature 


V kgRT 


acceleration due to gravity 


speed of sound 


32.17 fps 
enthalpy, Btu per Ib 

heat at 
it constant volume 
of specific heat at constant pressure 


ratio 0 constant pressure to specific 


speci 
heat 
instantaneous value 
mean specific heat defined by Equation [7 
= exponential mean specific heat defined by Equation [9 
= instantaneous value of specific heat at constant. volume 
mechanical equivalent of heat, 778 ft-lb /Btu 


Mach number = Vo V kgRT 


of Mach number = u 


V koRT 


norma! component 
pressure, psi 

gas constant for air = 53.3 ft-lb/ lb deg F 
temperature, deg R 

component ot veloc ity normal to shock w ive, tps 
velocity, fps 


velocity parallel to shock wave, fps 


component of 
specific volume, cu ft per Ib 

specific-heat ratio across shock wave, defined by Equa- 
tion [8 
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Variable Specific Heat 
' BOULDER, COLO. 


= exponential stagnation specifie-heat ratio, defined by 
Equation [10} 
stagnation specific-heat 
{12a} 
specific-heat function defined by Equation [24 


ratio defined by Equation 


p = density of air, slugs per cu ft 


S ibscripts 
stagnation conditions 
station before shock wave 
station after shock wave 


INTRODUCTION 


The widely used one-dimensional compressible-flow and 
shock-wave formulas are based on the assumption of an ideal gas 
constant heat probably 
valid up to a Mach number of 2.5 
that the specific heat for air is not constant over as wide a tem- 
perature range as that for which the ideal-gas relation po = R7 
applies. For a higher Mach number range, say, from 3 to 7, it is 
believed that the use of the ideal-gar relation may still apply with 
reasonable accuracy if the variation of specific heat with tem- 


most 


These relations are 


It is well known, however, 


having specific 


perature is considered 

Various investigators have obtained Rankine-Hugoniot values 
for flow through a shock wave based on a variable specific heat 
of this paper is to 


: 


us given in references (1, 2).? 
develom equations for stagnation conditions, and flows through 
as well as the Ran- 

if 
are the relative sim- 


The purpose 


shock waves involving stagnation pressures, 
kine-Hugoniot values, based on the device 
heat The idvantages of such an approach 
plicity of the solutions and the fact that the 
are algebraically similar to the widely used relations based on a 
constant specific heat. The limftations imposed by the effects 
of pressure, dissociation, and relaxation time will be discussed in a 


a mean specific 


» relations developed 


later section of this paper 


Basic ASSUMPTIONS 


The following assumptions will be made regarding the flows 


considered : 


}) The equation of state for the gas may be expressed by 


p = pgRT {1] 


2 The specific heat is a function of temperature alone, that is 


ce, = f(T) [2] 

3 The relation between the specific heat at constant pressure 

and the specific heat at constant volume may be expressed by 

¢ = RJ [3] 

4 The total energy in the flow is constant and the effects of 

the dissociation are negligible. As a result of this assumption 

and assumption 2, the total temperature in the flow is constant, 
that is 


Ta, = 17 4] 


5 There is no change in momentum in a direction parallel to 
* Numbers if} parentheses refer to the Bibliography at the end of 
the paper 


n” 
vf 
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the shock This is equiva- 
allel to the shock 


change in passing through a shock wave, that is 


wave in passing through a shock wave 
lent to assuming the component of velocity pe 


wave does not 


6 The stream-tube are plane to the shock wave 


does not change in passing through a 


1ina paralle 


shock wave From this 


assumption and the continuity equation 
pili = p 
7 The flow is outside of any boundary laver 


With the exception of assumption 2 all of these assumptions, 


or their equivalents, are made in the derivation of the most 


widely used one-dimensional shock-wave formulas 
Mean-Sreciric-Heat Correction Facrors 


The method to be tised to take into account the variation in 
spec ific heat with temperature Is based on the conc ept of a mean 
specific heat 

From the first 
ind the definition of enthalpy, it can be easily shown that 


law of thermodynamics, assumptions 1 and 2 


dh = c,dT 


Thus for unit weight of gas undergoing a change from 7 


Si Ty c.dT 


It is frequently desirable to express a is the 


and the differ- 


hange in enth ulpy 
product of a factor called the mean specific heat 


ence of two 


temperatures, such that 


Eliminating the enthalpy change from Equations [7b 


gives 


For the purposes of this paper, however, it is more convenient 


e following specific-heat ratio 


the ( cific heat at tempera 


ture 7 


For isentropic processes, it is possible to define an exponential 


heat for a gas undergoing a change from condition 


dition y such that 


" Equation 
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From Equation [9c] Equation |9b| may be written 


*Ty : 

dT 
T: diet 
In(T,/T.) 

Defining as before a specific-heat ratio 


6, 


9a] may be written 


Py _ ( y" win 
P. 1 


is the instantaneous value of spe 


Equation 
106 


where c 
i 


ture 7',. 


il eat at tempera- 


But from Equation [3 
J/R 


104!) becomes 


so that Equati« mn 


where k is the ratio of c, to 
and [10 
rection factors it is possible to obtain 


at temperature 7 


Equations S show that by the « we t roper cor 


change ilpy, pres- 


sure, and temperature based upon values 0 I fic heat at the 


initial temperature of the process rhe evaluation of the mean 


specific heats must be determined from tables or cl ts expressing 
I I 


fluid properties as 


3) and (4 


functions of temperature references 


STAGNATION CONDITIONS 
The 
is the 


stagnation condition in a fluid in ste yn is defined 


condition that would exist in the fluid if it were brought t 


rest reversibly and adiabatically The ondition re 
fers to a point in the fluid 
From the general energy equatior 


definition of the stagnation conditior 
} h 
Making use of Equation [8 


6. 


where ¢, 


evaluated for the 


is the value of specific he 
te mper iture range 


equation and substituting for J 


1 


y 


] 
Based upon the assum] 


} 


n the gas is given by 


vhere & is the ratio of 


the Mach number is given | 


M 


Substituting from Equation 


i 


15 
T 


where k is evaluated at T and @, is evaluated for a temperature 


range T, — T. 
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for this temperature ratio is Equating the right-hand members of Equatio 


and solving for ps» /p;, in tert fj gives 


— 


A correction f r to be ipplied to Equation 16! to correct f 


specific-heat variation may be defined as the ratio of Equations 


l5land [1¢ 


where k is evaluated at 7, and @ is determ 1 for the t mpera- 
ture range T 7,. Equation [23] corresponds to imiliar 
Rankine-Hugoniot relation for the density ratio acro shock 
Wave Before 8 can be determined, however, 
levelop an expression for the ratio 7,/7 
Equation [15 \ d to determin the tota In order to simplify the algebra involved, it is convenient to 
or stagnation pr re to ic pressure i point in a steady lefine a new parameter that is also a function of temperature 
flow Sine 


Equatior 


into Equati« 


{2p./p 


p 
ften more niel to express ] quation 
of Mach number Making use of Equation [6 
Equatior 


shock 


2la 


the flow is assumed constant, the 


flow through a shock wave is 


4 correction factor may now be obtained from the ratio 


t ) a (4 
2), Equa ions (28! and |20 


where 


range / i we I I = 
23¢ 


Making of Eq ‘ 3c}, [10¢],and [1], Equation [236] may l 


2k0 (2 
h 1\p 


be written 
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Substituting for the pressure ratio from Equation [28] into 
Equation [3la}| gives 
rT’; 

7 31 where 0 is determined from the temper ture range / 1 


The ratio of total to static pressure er the shock wave is 


a 


39 where ky is evaluated at 7, and @,¢is determined from the tempera- 
ture range 7 ] As before, however, it is convenient to use 
the value of & based upon T This n be done by defining a 


new function B such that 
In this case, the correction factor obtained from 


Equations [31] and [32] is 


By virtue of Equation [40], Equatio 


Since Ts 
Phe correction factor for the density ratio may now be obt 


by taking the ratio of the factors of Equations [30] and [33 


From Equations 
i(p» p,) 34 


A formula for the normal component of Mach number after 


the shock wave will now be determined. By making use of From Equation [39a] and Equatior 


‘ »7 t 9 ‘ } we } 1 
Equation [27], Equation [2la] may be changed to ratio acroas the shock wave is 


kMa,? 
1 + kyM,:2? 


In I quation {35}, &y refers to the value of the specifi heat ratio 
In terms of Mac} 


at temperature 7,, while k is the value at 7; as before. Eliminat- - 
28} and [39a} as 


ing Po/ Pp between Equations 35] and [28] and solving for M, 
gives 


+ 


/M 
kKM,.2(2 1) 
M 


rmiula for 


orresponding to Equatior 


The widely used formula for 


The correction factor for the normal component of Mach num- 
ber can be obtained from the ratio of Equations [36] and [37] and 


Is 


tt 


It should be noted that Equation [46] is a function of Ma: alone 
since kisaconstant. Equation [45] on the other hand, is a fune- 
tion of Mi, Q, 8, @., and 6; as wellasM 
The correction factor in this case is the ratio of the right-har 
To determine the total pressure ratio across a shock wave a more members of Equations [45] and [46 

complicated expression is necessary than those that have been 

presented. The total pressure before the shock wave may be 

given by Equation [27 
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The final quantity to be determined here is the ratio of the The parameter 6, was determined directly from Equations [12a 


total pressure after a shock wave to the static pressure before ind Table 1 of reference (3) with c, taken as 0.24. Fig. 1 shows 
the shock wave. It is evident that 6, plotted versus Mach number 
The parameter 6, was determined directly from Equations [9 
and [10a] and Table 1 of reference (3) for the temperatures used 
to determine 6 Fig. 1 shows 6, plotted versus Mach number 
The parameter 6 was determined by iteration from Equation 
Substituting in Equation [48a] from Equations [45] and [39a 31} and Table 1 of reference (3), using the values of 6, deter 
gives mined in the foregoing as a first approximation Fig 


shows @ plotted versus the normal component” of lach num 


Diz kM, (2 


= 


‘ “4 The parameter 


ber 
22 was calculated from Equation [24 
previously determined values of @ with k taken as 
parameter is also plotted in Fig. 2 
Correction factors A(T,/T) and A(p:, p) were determined from 
Equations [17] and [20] and are plotted versus Mach number 
in Fig. 3. As shown in Fig. 3, the total pressure calculated from 
the variable specific-heat formula is 1.52 times greater at a Mach 
number of 7. than that caleulated from the constant-specific-heat 
formula 
Correction factors A(p2/p,), A(T2/7T\), A(p:/p,) and A(Mnyz:?) 
were determined from Equations [30], [33], [34], and [38] and are 
plotted versus normal component of Mach number in Fig. 4 
As shown in Fig. 4, for a normal component of Mach number 
of 7 the variable specific heat-density ratio is 1.18 times the value 
5O calculated from constant specific-heat equations Fig 
shows apprec iable differences in the temperature ratio and down- 
The correction factor in this case is the ratio of the right-hand stream component of Mach number as calculated by the two 
members of Equations [49] and [50 methods 
Based upon the values of Figs. 1, 3, and 4, and Equations [39 
iq 19 and (40 the parameter 8 was calculated and is plotted in Fig. 1 
Eq. [50 Since both M, and M,, are involved in Equations [45] and [49], 
: . correction factors A(pa/pa) and A(pe/~m) were calculated for 
PRESENTATION OF RESULTS normal shock waves where M M,, and are plotted versus 


{ series of calculations were performed based upon an ambient Mach number in Fig. 3. As shown in Fig. 3, the correction for 


air temperature of 500 R to determine the various parameters the ratio px / pe is only slightly less than that for the ratio 


and correction factors over a Mach number range of 3 to 7 


r 


) 


r 


PARAMETER 


HEAT 


8 


SPECIFIC 





SPECIFIC HEAT PARAMETER 
PARAMETER 


CORRECTION 


FiC HEAT 


PE! 


5 6 7 











5 
MACH NUMBER, M, 





NORMA COMPONENT OF MACH NUMBER My, 


MACH NUMBER, M, 

Fic. 2 Speciric-Heat Paramerers FoR Rank Fic. 3 Conrection Factors ror Stac- 

Fig.l Speciric-Heat ParaMeTEeRs FOR inE-Huconior Vatvues or Frow Turover NATION CONDITIONS AND Flow Truroven 

Stagnation Conprrions Versus Macnu Piane SHock Waves Versus Normat Com- Normat Saock Waves Versus Macn 
NUMBER PONENT OF Macn NuMBER NUMBER 


Free-stream temperature 500 R Free-stream temperature 500 R Free-stream temperature 500 I 





MAR¢ 


JOURNAL OF APPLIED MECHANICS 
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presente 
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A Contribution to the Theory of the 


Development and Stability of 


Detonation in Gase 


By A. K 


The development of detonation of an explosive gas mix- 
ture contained in a constant-cross-section duct is analyzed 
on the basis of a unidimensional, gasdynamic treatment 
of a double-discontinuity combustion system. A steady 
and an unsteady system are considered, and it is shown 
that the latter yields an adequate explanation of the effect 
of coalition of the two discontinuities on the establish- 
ment and subsequent stability of the detonation wave. 
The locus of states behind the detonating combustion zone 
during the development of the process is determined and 
analyzed. 


NOMENCLATURE 


The following nomenclature is used in the 


paper 


local velocity of 


sound 


stream foree function per unit area (/ 
idiabatic index 
mass flow rate 


Mach 


velocity 


per unit area 


number of normal component of 


with respect to discontinuity 


pressure 


enthalpy formation, i.e., chemical energy to thermal- 


energy conversion per unit mass of reactants, or 


net 


thermal-energy addition to system 


perfect-gas constant 


entropy per unit Mass 


ibsolute temperature 


internal energy per unit mass 


normal locity with respect to 


omponent of relative flow ve | 


discontinuity 
specific volume 


relative flow velocity with respect to discontinuity 
angle of inclination of Rayleigh line on the p-v diagram 


‘ey 


" " 
slope angle 


in isotherm on p-v diagram 


nondimensional enthalpy of formation (« 


1 
temperature G6 = . 
7 
t 
nondimensional specific volume (» ) 
t 


7 = nondimensional pressure (x = 
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OPPENHEIM, 


S 
BERKELEY, CALI 


As 
nondimensiona ) 
R 


an isentrope on p-v diagram 


| entropy increase (o 


Q slope angle of 


Subscripts 

s = shock front 
combustion front 

K 

J fully developed detonation 


fully deve lope d deflagration 


I = point of minimum entropy of Q-curve 


1 = state of substance immediately in front diseon- 


tinuity or in front of combustion zone 


state of substance immediately behind discon- 


front 


sing/« 


tinuity or between shock front and combustion 
within combustion zone 
state of substance immediately behind detor 


ive com- 


bustion zone 
ives 
Hugoniot curve 
= locus of states of M = l 
single discontinuity 


ittaimed liately behind 


DTda tine 
Q = locus of states immediately behind predetonation 
states of M = | attained immediate 
hind double discontinuity system 


R = Ray 


com- 
Dbustion zone 


y be- 


leigh line 
INTRODUCTION 


The most successful application of gasdyvnami 


bustion is that to detonation phenomena Thi 
that a high-velocity 
in the 
in the 


ombustion 


treated 


front is thin and, 


analysis, it « as a diss nuity, that is 


flow field 


Vaniationol 


an be 4 zone 


the 


the effects 


wross which a finite change o ! thout 


oss-sectional are ind mass flow 


of visee diffusion, an 


Therefo 


the an 


i thermal cor 
number of idealizati 
result in be « 
with experime The simples 
Irom experim 
sectional are 

this case 


The classical 


tion of the locus of st 


theory base the Hugor 
disc« 


1 with the veloci 


d upor 


tes behind a single 


isiactory results cerne 


so-called ¢ hapmars Jo 
the 


remarkable stat 


the stats 


uguet 


to explair developmer 
vilit 


to experimental 
Reon 
sone 


According evidence hich 


Fraser, and Wheeler 
which is believed today ( , 23 


was prese nted b 


development of gaseous detonation in a p 


briefly as follows 


As the combustion accelerates in a pipe fille 
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mixture, the combustion front, during the predetonation period, 
is preceded by a shock front. In the final stages of the develop- 
ment of the process, the velocity of the combustion front is higher 
than that of the shock, and the detonation becomes established 

Thereafter 
which is re- 


when the combustion coalesces with the shock front. 
the detonation front is propagated at a velocity 
markably constant, which is only a function of the thermodynami 
properties of the substance, and which is in excellent agreement 
with the value computed for the Chapman-Jouguet state. 

It is obvious from the foregoing description that the analysis of 
such a process must be based upon the consideration of a system 
consisting of more than one discontinuity and hence that, during 
the deve lopment of the process, the states behind the combustion 
zone are not necessarily represented by the Hugoniot curve 

In the present paper the combustion zone is considered as a 
double-discontinuity system, but, otherwise, the analysis is re- 
stricted to the usual idealizations of an inviscid, thermally and 
unidimensional flow 


nondiffusive substance in a 


On this basis the following questions are considered: 


molecularly 


svstem 


1 What is the locus of states immediately behind the com- 
bustion zone with respect to a known given state of reactants in 
front of it during the development of the process? 

2 What is the reason for the acceleration of the combustion 
zone? 

3 Why is the propagation velocity of detonation so remarka- 


bly constant? 


In contrast to the contemporary theories (8, 9, 20, 23), which 
consider some of these problems, but which are concerned more 
with the structure of the fully developed detonation wave 
than with the history of its development, the salient feature of the 
present method of attack is to seek, primarily, the solution to the 
first question, by an analysis of a simple, idealized system, and 
then to examine its contribution to the remaining questions. 
From this standpoint the theory of the Hugoniot curve is 
critically reviewed, and then the development of the detonation 
is analyzed on the basis (a) of a steady and (b) of an unsteady 


double-discontinuity system. 


Tue Hvucontor-Curve Tuerory 


The classical theory developed by Rankine, Hugoniot, Chap- 
man, and Jouguet (1, 2, 6, 7, 17), as a check of experimental] data 
obtained by Le Chatelier, Dixon, and others, is based upon the 
application of the principles of conservation of mass, momentum 
and energy to a single discontinuity system propagated through a 
substance considered as homogeneous on each side of the discon- 


tinuity, inviscid, thermally nonconductive and molecularly non- 


diffusive. 
combustion zone in a constant-area duct where the frictional and 


The system is regarded as representing the idealized 


heat-transfer wall effects are neglected 

The analysis is essentially the same as that concerned with the 
propagation of a plane shock (2, 13), the only difference being 
that, for an adiabatic shock front, the net thermal-energy addition 
to the system, g = 0, while, for an adiabatic combustion front, 
this energy is equal to that converted from chemical energy by 
combustion, i.e., q > 0 

Both phenomena can be analyzed as a single-discontinuity 
system represented in Fig. 1. 

The system is restricted by the dynamic boundary conditions 
which imply that at the system’s boundary cross sections the 
values of the stream-force function per unit area, f = p + mV 
are, at each instant, equal to each other. A process at constant 
stream-force function per unit area is represented on any thermo- 
dynamic plane by a Rayleigh line, the properties of which are 
described in the Appendix. The Rayleigh line will be here re- 
ferred to shortly as the R-line. 
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Although the process under consideration may not be strictly 
one of constant stream-force function per unit area throughout, 
the dynamic boundary conditions require that, at any instant, 
points representing state 1, immediately in front, and state 2, 
immediately behind the discontinuity, lie on an R-line, corre- 
sponding to the instantaneous velocity V, of the propagation of 
the The R-line can be regarded 


discontinuity (see Fig. 1). 








Fig. 1) Stncie-Discontinvity System 

therefore as representing a reversible process which has the same 
effect as the irreversible one under consideration and hence the 
line integral along R of Tds from 1 to 2 is equal to the net thermal- 
energy addition to the system per unit mass of substance, or 


As is well known, the application of the energy equation to the 
system represented by Fig. 1 yields the Hugoniot equation 


The graphical representation of Equation 2 
thermodynamic plane is known as the Hugoniot curve, which will 
be referred to shortly, as the H-curve. According to Equa- 
1], the H-curve is the locus of end points 2, of a family of R- 
lines passing through point 1, the line integral of 7'ds along each 
of the R-lines from ] to 2 being constant and equal to gq. 


forg = const on any 


tion 


In Fig. 2, the pressure-specific volume diagram, are shown an 


H,-curve, corresponding to the shock front (¢ = 0), and an H,- 











Hucontot Curves on Presscre - Spectric Volume 


DIAGRAM 


curve, corresponding to the combustion front (q > 0). The 
H,-curve is usually referred to as the Rankine-Hugoniot curve 
Both curves are also shown on the nondimensional diagrams, 
Fig. 8, pressure-specific volume, and Fig. 9, temperature-entropy 
plane, plotted to scale for a highly idealized case of a perfect gas 
with k; = ky = 1.400, R = 1.986 cal/mol deg C and (only for the 
H.-curve) q = 20000 cal/mol and 7, = 300 deg K 





OPPENHEIM 


The equations of the H-curves plotted in Figs. 8 and 9 are 
derived from Equatior [2] combined with the perfect-gas equation 
RT)/(k 1) = (pu)/(F 1) and the definition of 
entropy, ¢ = log. (v 6*/* Thus the equation of the H-curve 
in the nondimensional pressure - specific volume co-ordinates is 


of state, u = 
-1 


k+1 k+1 
nv r+? 2e + 


= 0 [3] 
k 1 k l 


=q (RT) = 33.5, and ia the 


nondimensional temperature-entropy co-ordinates 


where, for H,, € = 0, and, for H,, € 


l 
c= log. Q: 


and for H,,z = 3 1); for H.,z = 3(6 1) 

As is well known, the H-curve has a point of maximum entropy 
K, representing the state immediately behind the deflagration 
nimum entropy J, representing the Chap- 

f The 
mathematical and thermodynamical properties of the H-curves 
] 9 


front, and a point of n 


man-Jouguet state immediately behind a detonation front 


were analyzed in detail by many authors, see, for example, 
3, 6, 7, 16, 17, 20, 2: ind the most important features are illus- 
trated in Fig. 2. In particular it should be noted that the #-lines 
from 1 to A and from 1 to J are tangent to both the H.-curve and 
to the isentropes passing through these points. It follows, there- 
, that the detonation, as well as the deflagra- 


‘ 


fore (see Appendix 
tion front, is propagated with respect to the burned gases with a 
al velocity of sound (M, = 1). The ques- 
at J is lower than that at A 
on the basis of the geometrical characteristics 


I in Fig. 9. 


velocity equal to the 
why the 
plained very sim 
of the R 


curve 


tion entropy an be ex- 


show! Since, for a given H,- 


ind #,-lines 


= const 


the ireas be these lines must be equal to each other, 
and hence sy < 8 


As it 
Hugoniot-curve theory 


appears irom the foregoing description, the classical 


gives only an answer as to what possible 
front were treated as a 


changes may occur the combustion 


single-discontinuity system, but it does not furnish any informa- 
to how the process develops. 


the H-curves are introduced not as 


tion as 
It should be noted that 


yresentations, but as loci of states satisfying the restric- 


process re 


tion, imposed by the requirement of constant net thermal-energy 


addition per unit mass of substance, in a single-discontinuity sys- 
By the application of the second law 


tem represented in Fig. 1 


imme- 


may determine 


tion the process may deve lop 


of thermodynamics to this system one 
In order to do 


which 


atelv in which 


it is suff ymnsider any reversible process would 


produce the same change as the process under consideration and, 
of course, the best suited for this purpose here is the process at 


function per unit area, represented by an 


Appendix 


constant 
R-line 


since the 


stream-l« 
From the characteristics of this line (see and, 


system under consideration is, essentially, adiabatic, 


s,, the following conclusions can be de- 


1 The change of state across a shock front may proceed only 


from lower to higher pressure and is associated with a decrease of 


specific volume (compression A rarefaction front degenerates 


rapidly into a rarefaction fan, resulting in an isentropic change of 
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state and, consequently, in Fig 2, the lower branch of the H,- 
curve fas been substituted by an isentrope. 

2 The change of state across a combustion front propagated 
initially at subsonic velocity may proceed only from higher to 
lower pressure and is associated with the increase of specific vol- 
ume (rarefaction). A corresponding statement for a combustion 
front propagated initially at supersonic velocity is excluded from 
present consideration as not applicable to the analysis of the de- 
velopment of detonation in a gaseous medium which is initially 
at rest 

3 The maximum velocity of the combustion front with respect 
to burned gases immediately behind it (V2) is equal to the local 
velocity of sound (maximum entropy of the R-line) 


In view of the second conclusion, it appears that none of the 
states represented by the branch of the H.-curve above the isobar 
through state 1 (above point F in Fig. 2), can be achieved by a 
single-discontinuity combustion system starting from rest as in the 
case under consideration. The state represented by point / 
would correspond to that immediately behind a combustion zone 
at rest with respect to burned gases (line 1-F being on the R-line 
with zero slope; see Appendix) which is practically impossibk 
but any other state between F and K (say, state C in Fig. 2 
could be considered as plausible (weak deflagration) and, as the 


combustion front accelerates, fully developed deflagration, re- 


sulting in establishment of state K behind the front, could b« 
finally achieved. However, an explanation of the reason for the 
acceleration of the combustion front remains unanswered® and 
according to conclusion 3, the establishment of deflagration would 
limit the development of the process 

fundamental difference, which is 


Furthermore, there is a 


usually emphasized, for example (2, 7), in the direction of veloc 
t to the deflagration and that 


W hile, for deflagration 


itv of the burned gases with respe« 


with respect to the detonation front 


p, and hence } > V; (see Appendix), and the burned gas 
in the 
mn, Ves V 


front, in the same direction 


»pposite direction than the front, for detonation p.> 


and the burned gases move, similarly as for a shock 


as the discontinuity. If one would 


then admit, as quite a plausible assumption, that a deflagration 
front is formed as one of the intermediate stages in the develop- 
ment of detonation, there follows a question immediately how 
burned gas is reversed” 
mn the basis of a simp) 

stipulating at all times the existence of a 
therefore, that this 


ned with the develop 


and when the relative velocity of the 


All these problems cannot be answered 


Hugoniot-curve theory 


single discontinuity on! ind it is 


theory is insufficient for any analysi 


ment of the process 
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I imp! 


double-d 


Huge niot 
eontinulty 
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as described ir 


tem is born ut ol exper I l ev 5 


Introduction, i ib lysis of the dy1 
character of t letor io va pointed out by Jouguet 


more rigorous! Neumann (9 ind describec 


Friedrict 16 Furthermore, its 


sicochemical aspects” of the phenomenor 


Courant and origin can be 
traced down to the “pt 
as shown by Ubbelohde (19), 
istic of the chemical reaction leading to detonation 


Although the 


on the basis of the kinetic character 


majority of investigators were concerne 


t } 


I iDutec 
tion front is not plain, and the velocit 
to the increase of the area of the 
this effect 


theory 
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with the structure of the fully developed detonation, there wer 


some [for example (10, 11)] who considered the stearty double- 

discontinuity system as representing also the predetonation 

stages of combustion At the same time, 
According to this theory, the combustion zone is treated as con- 

sisting of a shock preceding a combustion front, both moving at 

the same instantaneous velocity, V;, Fig. 3. The locus of states 

immediately behind the combustion zone is represented on the 

pressure-specific volume diagram, Fig. 4, as the M,-curve. It 

consists of the Chapman-Jouguet states of a family of H.-curves 


where 


From Equations [5] an 


: . , ‘ 
termined corresponding to a given value ol q 





ing to ¢ omplete combustion, these equath 
of states immediately behind the fully 
leflagration (points K and J). 

The process at any instant during the devs nt 
tion is represented by an #,-line, see Fig. 4, 
change from state 1 to 2; across the shock front 


K 





wcross the combustion front. As the process devel 


velops, 


t 
sidered to increase monotonically, the slope of the 
creases, and the combustion front accel 
detonation. Thereafter the system 
without any change in its structure, sine 
value, and this fact could be considered as ¢ 
tion of the stability of detonation 

In the simple unidimensional treatmet 
bustion in a constant-area duct may pri 
to detonation, the states immediately behin« 
ing on the upper branch of the M,-curve 


to deflagration, in which case the system cor 


tinuity and the locus of states immedi 





zone is represented by the lower branch 


In the first case V; > Ve and the burne« 


ir 


the same direction as the front, and 


the burned gases move in the opposite 


tion and detonation are considered as 


aiff 


lifferent modes of combustion, and the 
intermediate stage during the developmer 
Although the acceleration and stability of 
ig 
theory, its main drawback lies in the 


the experimentally observed « 








fronts on the establishment of 
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VELOPMENT OF DeTONATION AND DerLaGRat 


Streapy Dovusie-DisconTINUITY SysTeEM \ more ge neral definition of a dout 
that in Fig. 3 is shown in Fig. 5 o fronts 


different velocities and, consequently, the st 
corresponding to from zero to that equal to the er 
thalpy of formation of the fully developed detonation. All th 


boundarv A-B-C-D is unsteady due t« 


stored energy between the two liscontir tie The 
states have in comm » characteristic property of the Cl tors in Fig. 7 represent absolute velocities expr ate 
man-Jouguet instantaneous velocity 
burned gases with respe ‘ continuity is at all times sor 


und the locus of these therefore identical to that 
M 1 attained across a single discontinuity (M,-curve The 
M,-curves are shown plotted to scale for a highly idealized case 


ola = Ke 





1.400 on the nondimensional pressure-specific vol 
ume diagram, Fig. 8, and temperature-entropy diagram, Fig. 9 
The equations of these curves are derived in 


the Appendix and 
they are, 
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the relative velocities immediately in front and immediately be }) «©The condition that number at state 3 is unity, corre- 

hind the discontinuities, uri ferring to the shock front sponding to the condition that R, is tangent to the isentrope at 
! e ¢ £ 

and Vq~ and V.q referring to the combustion front. It should be state 3 


noted that the burned gases move in the same or in the opposite 
y _ as , aov » ? 
lirection to that of the combustion system depending on whether The change o across FR, is given by the Rankine-Hugoniot 


1 
| vigger or smaller than (J | 


equation 


The analy 1e predetonative combustion process tre 
is an unste double-discontinuity system was presented 
viously, by the same aut at the Seventh Internation 
gress of Applied Me i ondon, England, 1948 (18), and t ian f stat Hugoniot equation 
he Institute for H T sfer and Fluid Mechanics, Los | 


1950 (2 ton l iries of these presentations were 


{10} 
formation i 

are equal to each other, the second equality sign above corres; ding to tl sumption 

issumed that th ! ‘ f formation is constant and that the ‘ vert -gas behavi f | n i init state 3 

velocity he combustion front with respect to burned g Otherwise, wee et + f the characteristics of the 

4 onic, U Ute titlor emg tained from the s ; system am old rr ‘ t f per of the sub- 

double-discontinuit stem t ” rz reasoning underlyit atance 

these assumptions can b t 1 as follows: Phe equation of states 3 « ve ol »y eliminating p: and 

Because of rity ul en > pre He ion : from Equations [8], , and | ( ilues of uw = 

ombustior ) n ' ‘\p » “2 Pa, t nd u are givent he eq ations 

boundary conditions and that Y — of state for the substance under consideration.) The correspond- 

, the enthalpy of format ing algebraic transformations are involved e for the highly 

complete combustion, ar idealized case of a perfect gas with constant cific-heat capaci- 

he combustion 1s started ties. Hence, instead of attempting to derive the final form of 


subsonic velocity then, as previously pointed out, by treating the F(pa,, t 0, it is best to consider Equations [8}, [9], and [10] as 


combustion front as ¢ issociated with a monotonic thermal- parametric equations representing the locus of states behind the 


pt 
energy inc? ollows from the characteristics the R detonating combustion zone. Selecting, for instance, p: as 
line, expressing tl tions imposed by the dynamic boundar parameter, then, for a given pi, m, and u = u(p, can be « 
conditions Of m, that the maximum velocity of propaga mined from Equation [8] and, with these values of p: and t, 
tion of the con on front with respect to burned gases is equal Equations {9] and [10] can be solved for p; and »%. The locus of 
to the loca wity of sound. This limiting velocity is assumed tates 3 will be referred to as the Q-curve 
to be attained also so nitiation of the process The Q-curves corresponding to k, = | k 1.400, R 
The change tat ys the double-discontinuity system is 1.986 cal/mol deg C, g = 20,000 cal/mol and 7 = 300 deg K (€ = 
equal to the sum of hanges across each of the discontinuity 33.5) are shown, plotted to scale, on the nondimensional dia- 
since the intermed ate 2 in Fie 5), is homogeneous grams in Fig. 8 (in r vy co-ordinates) and Fig. 9 (in 0—¢e co- 
Hence referring to Fig. 5 us of states 3, behind the combus- os The equation of the Q-curve in the r v co-ordinates 
on system : mined by the following (see Fig. 6 is given by the following set of parametric equations correspond- 
acvess the check trent, represented in ing to Equations [8], [9], and [10], respectively 
Fig. 6 by 
2 The chan rf ombustion front represented 


by the R.-line from 


‘ee 
ww kaw, 
and the equation of the Q-curve in 6 — ¢ co-ordinates is obtained 
from F(ayw,) = 0, determined by the foregoing equations and 
f 1 
the expressions for o and @ in terms of w and v, ie 
! 
loge( rv" and @ 


Geometrically the Q-curve is the locus of maximum entropy 
points of a family of Rayleigh lines started from all points of the 
Rankine-Hugoniot curve and satisfying the condition that the 
area below their subsonic branch on the temperature-entropy 











diagram is constant and equal to the enthalpy of formation, g (or 

€ on the nondimensiona] diagram 

INSTANTANEOUS PREDETONATION Process tN UNSTEADY Since the foregoing condition is satisfied by the R-lines passing 
Dovsie-DisconTINvUITy SYsTeM through points K and J, the Q-curve passes through these points 
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10N IN UNSTEADY NONDIMENSIONAL Pressure-Speciric 


As can be seen in Fig. 9, part of the Q-curve has lower entropy 
than that of any point of the corresponding H.-curve. The point 
f minimum entropy of the Q-curve, denoted by J in Figs. 8 and 9, 


resents the state of burned gases immediately behind the 


double-discontinuity combustion system propagated into state 1 


it rest, see Fig. 5, at the instant when they are also at rest 
Considering the expression for the velocity of state 3, as shown in 


Fig. 5, it follows that the condition cited corresponds to 


ising the R-line equation (see Appendix, Equation [26] 
15 


h, together with Equations {8}, determines the 
o-ordinates of state I 

rhus when the gases immediately behin combustion sys- 
tem in Fig. 5 are at states corresponding to lower pressure, tem- 


perature, and density than that of state 1, they move in the op- 
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states corresponding to higher pressure, temperature, and density, 


they move in the same direction as the combustion system. 
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Ve=mu 


tan a, 16 
and the relative velocity of the combustion front is 


Va =m V tan a, [17] 
where angles a, and @, are those denoted in Fig. 7 

he relative velocity between the shock front with respect to 
the combustion front is, therefore 


Va } =v, \¥ tan a, \ tan a, 18} 


Hence the shock front has a higher or a lower velocity than the 
combustion front depending upon whether a, is bigger or smaller 
than @ 

At first, Fig. 7(a), a, > @, 
velocity than the combustion front, but, as the 
shock front increases, the relative velocity between the two fronts 
decreases until pressure of state 2 is so high that the velocity of 


and the shock moves at a higher 


ntensity of the 


the combustion front becomes higher than that of the shock 
The changes of state corresponding to such an instant are 
The combus- 


front 
, where, it can be noted, a, > a, 
tion front can then “catch” the shock front, coalesce with it, and 
establish thus a fully developed detonation. The 
changes of state are represented in Fig. 7(c), where a, = a@,, the 
ombustion zone being at the 


shown in Fig. 7(6 


orresponding 


products immediately behind the 
Chapman-Jouguet state. Thereupon the velocit) 
cannot increase any more because the shock front must precede 
the combustion front (8, 9, 12), and the only in which the 
double-discontinuity system could accelerate further would be by 


of the system 
way 


the combustion overtaking the shock front 

Hence it can be concluded that, as a result of dynamic bound- 
ary restrictions, imposed on the detonating combustion system of 
constant cross-sectional area, combined with the condition that the 
high-velocity combustion front must be preceded by the shock 
front, once the two fronts coalesce, establishing thus a detonation 
annot be exceeded 


front, the corresponding rate of combustion 


even if infinite rate of the combustion reaction was assumec 


possible 


The combustion rate at any instant is equal to the mass flow 


to be 


rate of compressed gases through the combustion front, and it can 
be determined of the following relationships (see 


Appendix, Equation [26 


from any 
, and Fig. 7 


Pr Pp 


Ds 
Van 


the last equality sign arising from the fact that M; = 1 
The maximum combustion rate, corresponding to detonation is 


(see Appendix, Equations [26] and [27] 


p a, 


\ os a 


the Chapman-Jouguet state 


M, \' M 


where subscript J refers t« 
Since the Macl 
the Mach number o 


ront is expressed by 


the detonation 


from | 


iumber ot 


the shock front quation [20 
M 
or, in nondimens 


For the numerical example illustrated in Figs. 8 and 9,Mp = 7. 


AND STABILITY 


OF DETONATION IN GASES 


CONCLUSIONS 


1 Assuming that a high-velocity combustion front can be 
treated as a discontinuity in the flow field, the analysis of the dé 
velopment and stability of detonation must be based on the con 
sideration of, at least, a double-discontinuity system, consisting 
of a compression shock preceding the combustion front 

2 The locus of states behind a detonating combustion system 
propagated into an explosive gas mixture, which is at a given 


constant state, depends on whether the treated as 


system is 
steady or unsteady 

3 The most probable locus of states during the predetonation 
period is that behind an unsteady, double-discontinuity system 
for which the enthalpy of formation is assumed to be constant, 
and the velocity of the combustion front with respect to burned 
gases is sonic. On this basis, most of the experimentally observed 
facts associated with the development of detonation in a pipe can 
be explained adequately, even if the analysis is restricted to a uni 
dimensional treatment 

4 The analysis helps the understanding of the flow 


phenomena associated with the development of detonation. It 


iynamic 


enables conclusions to be drawn which are concerned with the be- 
havior of burned gases immediately behind the detonating com 
bustion system, such as the variation of their velocity and pres 
sure, which, so far, have not been checked experimentally. It is 
suggested, therefore, that experiments be performed which would 
include records of the variation of these parameters. The con 
siderations described here will be of assistance in the planning of 


such experiments and in the analvsis of their results 
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problems whicl treated as a single dis 
ind their i vas presented b 
16, 21 The com 


ition that the change 


nsive 


a ntimuity t * plac at constant stream 


Init area ‘ } 


rrespon ling process ean be ' 
is a Rayleigh line,* which ; ' ' : . e Di 


thermodynami plan 
volume diagram, is a straight line. Sinee 


t are utilized in the 


Equations [23] and [24 cons presenting the 
j ] 
the system, consisting 


pressure - specih 
he simplifications resulting from this fa 
in this paper, they are here summarized. In 
paper the Rayleigh line is referred to, shortly, as the R-line 
theory described here was presented, for the first time, by 


uthor, at the Seventh International Congress of Ap- 


dynamic boundary conditions impose 
yn as to its direction with 


ilysis presente 


of a single discontinuity with no restric 
respect to that of the flow stream 
the same Eliminating velocities from Equations [23] and [24], there ob- 
plied Mechanics (18 

rhe ensuing analysis is applicable t 
irrespective of its direction with respect to that of the flow, Fig 
1 or Fig. 10 the con 


tains 


o any plane discontinuity 


10 For the system represented in Fig 

tinuity equation yields which, for a discontinuity moving at constant velocity, corre- 

sponding to a constant mass flow rate, re presents the equation ot 

Sub- 
} 


the R-line in the pressure - specif volume co-ordinates. 
script 2 has been dropped since pressure and specific volume 
hind the discontinuity form the variables of the R-line 


er tion int mal directior as : ; 
juation in the normal direction The properties of the R-line on the p-v diagram are illustrated 


in Fig. 11. They are summarized as follows 
1 The normal component of the flow velocity at any point o 


» the “ie the R-line is given by 


he present paper prefers to use the 
ambiguous impulse tan @ 


present paper has be able to \ 

into the technical literature by Stodola (4 2 For the perfect-gas behavior of 

e change of state across a shock front or borhood of state under question 

diagrat The corresponding curve on the Slo: . Rd 
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Ratio of slopes of A-line and isentrope at any point is where subscript | refers to state (4 lv 
6) The nondimensional equation of state 
tan a@ 
= M* : 
“ 
tan ® mv 


tatio of slopes of R-line and isotherm at any point The definition of entro which results in 


tan @ ’ 
= kM? 20 ff vo * 


an 6 


From the last two relationships there follow immediately the The equation of the R-line is then 
well-known characteristics of the R-line, namely, that, since at 
the point of maximum entropy the R-line is tangent to the isen- kiMe)ay 
trope, the corresponding Mach number, M = 1, and, since at the 
point of maximum temperature the R-line is tangent to the iso- 
therm, the corresponding Mach number, M k : 

The locus of states of M = 1 attained immediately behind a 


single discontinuity is, from Equations [26] and [27], given by 


ind the locus of 


In order to indicate the parallelism between the properties of 
the R-line on the temperature-entropy diagram to that on the 
pressure - specific volume diagram, as just outlined, the diagram in 


Fig. 12 has been plotte 


It re presents only a spec ial case of R- 
lines as a function of nondimensional co-ordinates; 6 = 7/7; and 

_ 
o¢= (8s g R applied to a periect gas with constant specific- l 
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The Time Required for Constant-Volume 
Combustion 


By A. S. CAMPBELL,' ORONO, ME. 


By combining the results of an elementary thermo- 
dynamic analysis of the temperature distribution in the 
burned gases of a constant-volume bomb with an exami- 
nation of the velocity relations at the flame front, it is 
nermal burning velocity”’ to the 
Integration of 


possible to relate the 
time rate of production of burned gases. 
this equation leads to an estimate of the time required 


for the combustion process. 


INTRODUCTION 
N the elementary discussion of constant-volume combustion 
of gaseous mixtures it is assumed that the products of com- 
A more detailed ex- 


bustion reach a uniform temperature 


imination of the combustion process has shown that during the 


course of burning, and at the instant combustion is concluded, a 
temperature gradient exists in the burned portion of the gases. 
is not reached until 


Consequently, the final uniform temperature 


the temperature gradient has dissipated itself through heat con- 
duction 

Since the flame front moves through the unburned gas at finite 
velocity, it is clear that the charge located between the ignition 
the walls of the 


infinitesimal 


electrodes burns before the charge located at 


bomb If the 
ind it is assumed that the burning process proceeds from 


unburned gas is subdivided into 


ver, it mav be assumed that each layer burns at essen- 


tially constant pressure Thus constant-volume combustion is 


found to be a series of constant-pressure combustions 

rhe existence of the temperature gradient was first demon- 
1906. The subject has 
M ache, and by 


results of both discussions lead to a 


strated expe entally by Hopkinson? in 


theoretically by Flamm and 


Ibe Che 


the mass fr 


been sed 


ution burned and the fractional pres- 


tion for the te rature distribution 
discussion in this paper is not essentially 
~wis and von Elbe 

wrature relationships in the gas 
it we assume ideal gases with 
ilso assumes no change 


Recently Hottel, W il- 


Obviously, one 
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murned gases 


of Maine. Jun 


pkinson, Proceedings 
1906, p. 387 
vol. 126, 1917, p. 9 
i the Temperature 
me-Pressure Records,” 


Chemical Physica, vol. 2 
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liams, and Satterfield’ have shown how the same problem can be 
treated with the use of charts for the equilibrium thermodynamic 
properties of the burned gas. Their method of solution gives a 
more realistic estimate of the magnitude of the temperature 
gradient. 

The purpose of this paper is to employ the results of the 
analytical study of the progressive burning process to derive a 
relation between the so-called “normal burning velocity” and the 
time rate at which unburned gas is converted to burned gas 
Such a relation can then be used to form an estimate of the total 
time required for the entire burning process. 

Burnep Gas 


TEMPERATURE DISTRIBUTION IN THE 


The problem is stated as follows: Given a mass M of combusti- 


ble gas mixture at pressure P, and temperature 7';, confined in a 


rigid, nonconducting bomb of volume V; compute the tempera- 


ture distribution in the gases at any stage of the combustion 
process. 


The analysis is made with the following assumptions 


Burned and unburned gases are ideal 
All heat 


No heat transfer takes place in the burned or unburned gas, 


ipacities are constant 


normal to the flame front 


4 The composition of the burned gas is fixed (no dissociation 


5 The pressure is uniform 


The followir 


ig equations m 


Conservation of energy 


Conserva 


Condition 


P 


ind b refer to unburned and burned gases, 
lenoted by c, 


Here the subscripts 


mnstant-volume | 
by R, absolute 


Subscript ¢ refer conditions prior to com- 


respective ly C* 1eat capacities are 


the gas constan nass basis temperature by 7’, 
I 


and pressure | 


bustior The datum temperatures for internal energy » de- 


noted by 8. According to the energy equation we have assumed 


that the unburned gas is uniformly compressed, and have antici- 


pated a temperature gradient in the burned gas; accordingly, the 
internal energy of the burned mass my, is repres¢ nted by the inte- 


Since the n 1 the bomb 


Part 1 
New York 


Charts for Cor Processes 


Wile ns, Ine 


§ “Thermodynami 
by H. C. Hottel, and others, Johr 
N. Y., 1949. 
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is quite arbitrary, either 0, or @, may be assigned arbitrarily. It 
is clearly advantageous to make the selection 


This fixes the value of @,, to be determined later. If we denote by 


n the mass fraction of gas in the burned state 


ombustion process may be designated by 


stating the value of OS n S 1. Lastly, 


then the progress of the 


we denote by 


volume heat capacities. Hence dividing 


VW, and noting that 


the ratio of the constant 
Equation [1] by Me,, and Equation [3] by 
6, is a constant, we have 


atl 


P 
P 


i 


Here we have neglected any difference in value between R, and 


k,, an assumption justified when air is used as the oxidizer and 
the mole change due to combustion is small 


Eliminating the integral between Equations [4] and 


=n (6) 


Now 


Hence from Equation [6 


when n | mbustion is completed and P = P,, 


This value for @, is 
for = 


where @ is the combustion pressure ratio. 


physically obvious, in view of the choice since from 


Equation [4] for n 


temperature 


Clearly 6, is the uni which the burned gases 


would attain following the completion of combustion. 


Since there is to be no heat transfer in the gases, we may assume 


that compressions are isentropic, hence 


Inserting this expression for the temperature ratio, and the value 
& I 


for #,, Equation [6 luces to a relation between the mass frac- 


tion burned and the untaneous pressure ? 


(7) 
+ (1 a 
P, 

P 4 


In this equation n is not particularly sensitive to changes in the 


value of a, and the simpler 


equation 


D ww P, 


a ey [8} 


n 
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Thus 
the mass fraction burned is equal to the fractional rise in pres- 
sure. 


is correct to within 3 per cent for practical purposes 


It is interesting to compute the volume fraction occupied by the 
burned gas 


Fig moderate pressure ratio 
(r = 0.29). Note that 
when 50 per cent of the gas is burned it occupies 77 per cent of 
the total volume. 
studies of constant-volume combustion 


1 shows a plot of qg versus n for a 


5) and a diatomic unburned gas (o, = 


quation [%] has jue for photographic 


10 


To compute the temperature distribution at any point in the 


combustion process it is necessary to evaluate the te mperature in 


> 


t Fig. 2(a), 


teferring to assume the 


next instant a 


crease due to combustion 
area to the left of the plane flame front is the burned gas 
right In the 


burns and attains the temperature 7',*, as 


flame front advances from left to 
small mass of gas An 
Ab 


shown in Fig The pressure thus increases from P to P + 


AP, and all temperatures are accordingly increased by the factor 


A 
(* rar) 


A = (“ ey 


equation between these 


\, = 


Writing the energ 


Using the values for #0, and 6, just found, and dividing by 
Me (1 r 


») we have 





JOURNAL O} 


A pproxim 


for small AP; 


But from Equation [8 


Substituting in equation dividing by 








Fiame Feowr 
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Substituting for the left-hand side from Equation [5], and noting 


again that the « ompression ts isentropic, we have as the expression 


for AT... the temperature rise due to combustion 


4A 


T aor 


1¢ temperature rise Varies duri combustion 


process The following table shows the trend, decrease in 


AT’ as 
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1000 R 


Al 
deg R 
3930 
S60 
i810 
3770 
3730 
0 3700 


, during the latte 


Phe lecrease of A7 


stages ol the process, 


is to be expecte d, sine 
there is a preponderance of burned gas 
which has the higher heat capacity and therefore requires more 


energy tor its compression 


For the special ircumstance of @ l Equation 11] reduces to 


7 
Al 


is one would expect 


lo compute the temperature gradient one must designate th 


particular piece of gas whose temperature is sought, as well as the 
Imagine that before 


progress of combustion combustion begins 


the unburned gas is divided into infinitesimal layers containing 


equal masses, and so chosen that at any instant during combus- 


tion the flame front occupies one layer. In the case of a spherical 


bomb with central ignition, for example, we subdivide the un 


Now 


enter of the bomb, and 


burned gas into infinitesimal spherical shells label eact 


laver with an 

1 at the 
piece of gas under examination, while the value of n denotes the 
Thus the 


T(x, n), for z ’ Clearly, for zr > n 


r-value, so that r = Oat the 
wall Thus the value of + denotes the particular 
stage of the combustion process temperature of the 
burned gas is denoted by 
the gas particle is in the unburned state 

Initially the gas is at 7 As combustion proceeds the tempera- 
ture increases due to isentropic compression, and the flame front 
idvances toward the gas particle under consideration. Clearly, 
the particle burns when z n, at which point the pressure is P 


From Equation [8 
P rr + IP 


Thus the temperature of each particle of unburned gas at the in- 


ht 
7 
P; 
As the flame front passes through the particle, the temperature 


jumps by the amount AT’, 
The particle is now in the burned state, 


stant before combustion is 


given by Equation [11] with n = z 
and its temperature con- 
If the pressure is P 


then the burned gas has been compressed from P,, to P, hence its 


f P. 
r( 


tinues to increase as combustion increases 


temperature 1s 


Substitutur pressure ratios 
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The temperature differet between the first piece to burn Since z has a fix 


z = 0) and the last p to burn (4 = 1), isa maximum when the 


VR 
| 


burning is complete (7 ind amounts to 


which reduces to 
¢ 


We are particularly interested it 
nsecue t t ! t te | i s 5 vi h 1 i a 

Consequent! if th t mperature is 537 R, the tempera tee Gomen trant. which we : 

ture difference between the first and last pieces to burn is about catting ¢ = n. giving 


1300 | In actual explosion this figure would be considerably 
t 


reduced by heat conduction and mixing. 
lime Reguirep FOR COMBUSTION 


In deducing the foregoing results, we have neglected any 


kinetic effe« iat in effect we have supposed that the flame 
PI 


front moved with an infinitesimal velocity. For the purpose of 
estimating the time required for combustion we shall use some of 


the results obtained. Needless to say, the estimate so obtained is where awain the ar ee 
’ i ik i Math i i 


necessarily very crude, for we now suppose the flame moves with Denoting the velocities at the flame front as shown in Fig. 3, 


finite velocit lis ctual explosions the velocity is quite we imagine the flame front moving from left to right with velocity 


large Ss Because of this movement the unburned gas is undergoing 


If A, is the area of the flame surface at any time, and V, is the 
volume of the burned gas, then S,, the velocity of the flame surface 


relative to the bomb wa 


From | quatior 


compression, resulting mm right, with an unburned 


gas velocity S,* at the f fron Similarly, the burned gas has 
velocity S,* at the fl fre f the density is denoted by p, 
tho tm I ime front, then 


we write consery 


Using Equatio am 


14 
If we make use of th imp " sion for the temperature rise 


It is convenient to leave the result in this form, although it is due to combustion lon [le 1, so that 
clear that the result may be st <i as a function of n or P alone Yu Y Rk, R 
Consider now the velocity of an arbitrary particle of burned 

gas, S,(z,n). This particle has a certain z-value attached to it ; { 

If we denote by A, the area formed by a surface passing through 

all parti les with the same z-value, then Provided the time ra of change of pressure is finite at the instant 
combustion is completed, Equation [16] gives S,* = 0, for n l 
Thus the assumptions we bave made give a physically acceptable 
result 

The normal burning velocity S,, is defines t e at which 

within A . 

the flame front advances rel unburned gas For a 

given fuel and oxidizer mixture, S, i sical property of the 

r, n)dm, mixture, and is a function of atomic composition, pressure, and 

temperature Its variation with the latter has not been investi 


hence gated extensively From Equations [14] and [16] we obtain 


VR 


PA, fF 





76 JOURNAL OF APPLIED MECHANICS 


Upon making the right-hand side a function of n only we have 


MRT, 
me (RT, In(w 1) + 1% - , an 


7 
P.A, dt 117] 


Tf one is willing to assume S, is constant, or better, that we may 
assign a mean value to S,, then Equation [17] may be integrated 
to give a relation between the time ¢, measured from the start of 
combustion, and n, the mass fraction burned. It is interesting to 
observe how the vessel shape and location of the ignition spark 
can affect the results. If the bomb is a long tube of length L, and 
constant cross-sectional area, then the flame surface is effectively 


a plane of constant area. From Equation [17] 


S, dn 


= [n(w —1) + 1% -! 
i. dt 


(*) [n(w —1) + 1]% 
L “ a rT 1) 


u 


-1 
(Long tubes) 


The time r required for combustion is then 


(ry —1/L 
T= , 
o,(7 —1)\8, 
Clearly L/S, is the time for the completion of combustion for a 
tube with one end open, with combustion started at that end, for 
under these conditions, combustion would have proceeded at con- 
stant pressure without compression of the unburned charge. 


For a spherical bomb of radius Ro and central ignition, the 
volume fraction occupied by the burned gas is 


(3) 


where r, is the radius of the flame surface. Thus in Equation [17] 


1 dn ig , li : 
= = Sphere central ignition) 
3L(q) ‘* [n(r 1) + 1]'~ jade ' . 


MARCH, 1952 


where q being a function of n is given by Equation [9]. 

For a spherical bomb of radius Ry and surface ignition (i.e., 
ignition simultaneously initiated at all points on the surface, per- 
haps by suddenly increasing the wal! temperature) 


pa1-(2) 


and therefore 


S, 1 1 dn 
R. 3 LQ — qq)" [n(x 1)+1)'-— J de 


(Sphere surface ignition) 


Neither case for the sphere is integrable. By numerical] integra- 
tion, assuming S, constant, one may compare the times required 
for combustion for surface and central ignition, 7, and T,, re- 
spectively. For the particular condition = 8, o, = 0.29 one 
finds 


r 


* = 1,98 
T 


In view of the form of the integrals one can expect that the ratio 
of the two times is not greatly affected by the value of 7. 

For the case of the sphere with central ignition, an approximate 
integrand may be written 


S, dn 


Ro 3(r)'! - dt 
which integrates to give 
(*): (n)”_ (gp 1 ignit 
: Sphere central ignitjon ) 
R (rT the, P & 


so that the mass fraction burned is proportional to the cube of the 
elapsed time since the onset of combustion 





Measurement of Recovery Factors and 
Friction Coefficients for Supersonic 


Flow of Air ina Tube 


1—Apparatus, Data, and Results Based on a Simple 
One-Dimensional Flow Model 


By J. KAYE,' J. H. KEENAN,? K. K. 

For the past few years a program has been under way 
to obtain reliable data on the rate of heat transfer to air 
moving at supersonic speeds. The investigation was 
limited to air flowing at supersonic speeds in a round 
tube. The program was divided into two separate parts, 
the first for measurement of the adiabatic wall tempera- 
tures of a supersonic stream and the second for the heat- 
transfer rate. The first part of this program is described 
here. The details of three experimental test combina- 
tions used to measure the adiabatic wall temperature 
and local state of a supersonic stream of air are presented. 
The experimental data for forty runs, in the form of 
measured pressure and temperature distributions, are 
included. The range of diameter Reynolds number 
covered is from 0.15 X 10°to 5 X 10%. The length Reynolds 
number extends to 120 x 10°. The Mach number at the 
inlet to the round tube is about 2.6. The calculated 
quantities such as the local apparent friction coefficient, 
recovery factor, local Mach number, and so forth, are 
obtained from the simple one-dimensional flow model 
for which the properties of the stream are uniform at 
any cross section of the tube and boundary-layer effects 
are ignored. A subsequent paper deals with the calcula- 
tion of these quantities when account is taken of the 
boundary-layer growth in the tube on the basis of a two- 
dimensional flow model. 


NOMENCLATURE 

The following nomenclature is used in the paper: 
A = cross-sectional area 
c, = specific heat at constant pressure 
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= specific heat at constant volume 
= discharge coefficient of nozzle 
= inside diameter of pipe 
= local apparent coefficient of friction, 2g7/pV? 
= mean apparent coefficient of friction 
= flow per unit area, w/A 
= acceleration given to unit mass by unit force 
= ratio of specific heats, c,/c, 
= distance from end of curved contour of nozzle 
= maximum length of duct for steady adiabatic constant- 
area flow with friction 
Mach number, V/¥ (QkRT 
Prandtl number, c,ug/d 
static pressure 
perfec t-gas constant 
recovery factor, (t,. 
entropy per unit mass 
diameter Reynolds number, DG /ug 
length Reynolds number, LG ‘ug 
temperature, deg F abs 
temperature, deg F 
velocity 
mass rate of flow 
= density 
= thermal conductivity 
= Viscosity 
= shear stress at wall 


= 4/L,,,,/D 


ript * refers to throat of supersonic nozzle where M 
pts: 
upstream stagnation conditions 
downstream stagnation co-ditions 
adiabatic wall conditions 
mean stream conditions 
station numbers 
atmospheric conditions 
= isentropi conditions - 
= vacuum in test combination B 


INTRODUCTION 


4 research program, sponsored by the Office of Naval Re- 
search, has been under way for several years with the objective of 
obtaining reliable data on the rate of heat transfer to air moving 
at supersonic speeds in a round tube. This program consists of 
two separate parts. In the first part a well-insulated apparatus 
was used to measure the values of the local adiabatic wall tem- 


perature and local static pressure of a supersonic stream of air in a 
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round tube. In the second part an apparatus using steam con- 
densing outside a round brass tube was employed to measure the 
local coefficients of heat transfer to a similar supersonic stream of 
air from the same nozzle, 

It was recognized that the reliability of the preliminary results 


obtained in this program (1)* could be questioned because of the 
Since work of 


not available for comparison, it was decided to try to 


presence of possible systematic errors a similar 
nature wé 
eliminate systematic errors by the construction, (a) of a new 
wliabatic apparatus of different design, and (6) of a new heat ex- 
hanger of different design. The design, construction, and testing 
of this new adiabati apparatus have been completed 

\ critical intercomparison was made of the measurements of 

al recovery factors and local apparent friction coefficients ob- 
tained from these different combinations of adiabatic apparatus 
2 The results of this study disclosed no significant systemati 
Hence it 


different combinations of adiabatic 


errors was concluded that the measurements made 


with the apparatus were re- 


liable and worthy of publication. 


Mernop or TestiIna 


Objective rhe work described here is limited to the adiabatic 


How of air at supersonic speeds in a round tube. The objective is 


and 
From 


to measure accurately the local adiabatic wall temperatures 
the local static pressures of this supersonic str 
these 


eam oO! air 


measurements and some auxiliary data, the local recovery 


factors and ileu- 
The simple 


selected for the 


local apparent coefficients of friction can be 


] 


lated on the basis of a particular type of flow model 


and useful one-dimensional flow model, caleula- 


tions given in this report, is based on the umption of uniform 


properties at each cross section of the tube. The analysis of these 


ime measurements by means of other flow models, including a 


simple t 


wo-dimensional flow model, will be given in a future 
le iving & 


ompressor 18 


nd of 


Lay 
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cleaned and dried thorous rhe air is brought to some de- 
sired stagnation temperature by means of heat exchangers and 
then flows through a stagnation tank into a supersonic nozzle and 
The 


a second stagnation tank and finally into the 


through the adiabatic test section. iilr then passes through 


lischarge line. An 


ejector is used on the discharge line to maintain the necessary 


large pressure ratios across the supersoni and ad 

test section. 
Preparation of the Air Strean 

air have been used. The first 

method shown schematically in Fig. 1 iginally at 180 ps 

passes through an ice bath, or precooler, and a filter to remove the 


The air is 


or regenerator 


the major portion of the oil and water vapor in the air 


then cooled down to about 60 F in a dehumiditier 


where the remaining condensable constituents are removed as 


solid phase on the walls. This dehumidifier has been described 


previously (1 The specific humidity of the air entering the test 


section is about 1.5 X 10~* lb of water vapor per Ib of air 


The second source of dry air is available from an air-liquefa 


tion apparatus operated under the direction of Prof. 8. C. Collins 
air is cleaned and 


280 F by 


In this apparatus the incoming high-pressure 


cooled in a re generator to a temperature of ibout 


means of liquid air. This dry air with a specific humidity of less 


than 10-" Ib of water vapor per lb of dry air, is by-passed around 
the liquefaction apparatus for use in the supersonic-flow experi 
In Fig. 1 this 


directly to the constant-temperature water bath 
I 


ments. air, labeled as dry air at 150 psi, is k 


The two independent sources of dry air serve as a means 0 
I 


eliminating possible systematic errors due to the condensation 


of water vapor in the supersonic stream of air. In several ir 


stances, measurements of friction coefficients and recovery fa 


tors made under identical conditions indicated no systematic de- 


viations which could be attributed to the source of dry air 


EXPERIMENTAL APPARATUS 


Several combinations of apparat 


past few years for this investiga 


section vielded much 


experience 





r Test Compination B 
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based. A detailed description of all the modifications, however 


Hence the 


tic apparatus, and the previous modifica- 


would require too mac! details will be 


only of the latest adia 


space given 
tions will be described briefly 
The three combinations of test apparatus used since the start of 


this program will be described by the following cod« 


EST 
Nozzle 


COMBINATIONS 
tion Insulation 
14-In 
14-In 
Hig! 


Test sec 
rock wool 
rock wool 


Textolite 
Lucite 


Brass 
Brass 
st Lucite 


ainless steel vacuum 


The first 
vdiabatic 


test combination to be operated successfully as an 


A-2 
with 


In combination 1 lucite test 


A-1, hardly 
The latest test combination, B, represented major 


test section was A-] 
section replaced the textolite section of any 
other « hanges 
design changes in the use of a new type of supersonic nozzle and in 
a different means of insulating the lucite test section 

In all three test combinations the stream of dried air is brought 
passing 
The first air heater, shown in Fig. 1, is a shell-and-tube 
the air is heated to within 5 F of the 
desired temperature by means of a stream of hot water. The 
second air heater is a long « opper coil placed na large water bath 
+0.2 


control sys- 


to a desired stagnation temperature by through two 


heaters 
heat exchanger in whict 


which is maintained at a constant temperature within 


F by 
tem. 


means of an electric heater and thermostatic 


The stagnation temperature and pressure of the air stream are 
stagnation tank which is just down- 
bath. This tank is 
The air is slowed down to a 


baffles and 


Nine thermocouples, suspended on a cross of nylon 


measured in the upstream 


stream of the constant-temperature con- 


structed from a 3-in-diam pipe 


uniform low velocity by means of fine-mesh wire 
screening 
thread fastened to the inner walls of the stagnation tank, are 
used to measure the temperature distribution and the mean tem- 
Although in all measurements the 


perature of the air stream 


stagnation tank walls are carefully insulated, the nine thermo- 
couples are shielded individually against net radiant-heat inter- 
change with the tank walls. In tests made for systematic errors, 
this outer insulation was removed from the tank walls and a layer 
of dry ice was substituted. No effect on the readings of these 
shielded thermocouples could be detected. 

In all the runs presented here the maximum variation in tem- 
perature over the cross section of the upstream stagnation tank 
ind the 


was less than | | deviation from the mean was 


about 0.3 F. 


iverage 
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itic test section, represented by 


nations consisted of an axially symmetri- 
round tube 
The radial 
heat transfer to the round tube was reduced by covering it with a 


thick 


section are shown in reference (1 


al brass nozzle followed by straight section of a 


made 1 material of low thermal conductivity 


Irom 


layer of rock wool 14 in The supersonic nozzle and test 


\ critical examination of the 
results obtained with this older adiabatic apparatus indicated the 
following possible sources of 


systematic errors: 


l tadial heat flow over most of the 


2 Longitudinal heat flow at both ends of the test section 


test section. 


3 Longitudinal heat flow along the tubes used to measure the 
pressure distribution 
$f A fairly thick 


nozzle used to produce the supersonic stream of air 


boundary laver at the exit of the 


5 A velocity distribution peculiar to this nozzle. 
6 The thermocouples, their calibration, and their location in 


the bosses cut in the tubes of textolite and lucite 


In order to eliminate effectively most of these possible sources 


of systematic test combination B, 
adiabatic 


Veu Supersonic Vozzle. 


errors a completely new 


test section, was designed and constructed 
The profile of the convergent-divergent 
brass nozzle used in the older apparatus was designed by a 


method described by Shapiro (3). Although a nozzle with this 
profile had been used previously as a satisfactory means of ob- 
taining shock-free expansion, it was recognized that the length of 
its divergent section could be reduced considerably by designs 
based on the method of characteristics in supersonic flow 

A new supersonic nozzle was designed with the objective of 
Actu 


inalytical 


keeping the length of its divergent section to a minimum 
carried out, one based on the 
Foelsch (4), and the 
semigraphical method of Sauer (5 In both methods a 
shaped divergent section is connected to a short « ylindrical section 


ally, two designs were 


method described by other based on the 


cone- 


by a curved contour 
by Foelsch by 


axially 


The equation of this contour was obtained 


linearization of the characteristic equations tor 


supersonic symmetric flow, whereas the contour was ob- 


tained by Sauer by a graphical solution of the same equations, 
} 


The final designs showed that the Foelsch nozzle was only about 
0.12 in To be 


respect to producing a shock-free supersonic 


longer than the Sauer nozzle on the safe side with 


fiow, the slightly 


longer Foelsch nozzle was chosen. The details of the new super- 


sonic nozzle, including the z-y co-ordinates of the exit contour, 


» 


ire shown in Fig 2 This stainke xx-stee!] nozzk is provided also 


with two smmll holes for insertion of thermocouples. 
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The comparison ol the brass nozzle based on the Shapiro desig 


with the steel nozzle based on the Foelsch design, given in Fig. 3 
in a scale drawing, shows the large reduction in the length of the 
divergent section achieved by the latter design 

The new steel nozzle with its short divergent 
parison with the longer one of the previous brass nozzle, provides a 
different velocity profile as well as a different boundary-layer 
thickness at nozzle exit 

The longitudinal heat transfer from the nozzle to the lucite test 


contour, in com- 


section is considerably reduced by the new stainless-steel nozzk 


since the thermal conductivity of stainless steel 


is considerably 
less than that of brass 

Vew Test Section. 
constructed to eliminate, in so far as possible, the 
An assembly drawing of the new 


A new lucite test section was designed and 
remaining 
sources of systematic error 
test section and the details of the lucite tube are given in Fig. 4 
rhe reducer, end plate, and steel nozzle are shown in Fig. 5. The 
partially assembled test section is shown in Fig. 6. 

On the extreme left in Figs. 4, 5, and 6, a well-rounded bell- 
mouth reducer, constructed from thick-walled textolite, directs 


the air from the upstream stagnation tank to the stainless-steel 
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nozzle. The nozzle is connected to the lucite collar and then to 
the lucite test section 
on the lucite test section are arranged in angular sequence about 


the axis of the tube. The lucite test section is joined downstream 


The pressure taps connected to the bosses 


to a lucite end plate which is opposite a similar plate upstream 
onnected to the steel nozzle by a flange. A textolite casing is 
mounted between these two lucite end plates; it is arranged so 
that the entire annulus between this casing and the lucite test 
The tubes 


used to measure the pressure and the many thermocouple wires 


section can be highly evacuated during a test run 


Fic. 5 Repucer, Enp Pate, anp Steet Nozzie 


st COMBINATION B 
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are led out of this evacuated space through the upstream end 


The many fine slots machined in the upstream end plate 


plate. 
shown in Fig. 5 are used to hold the individua oupl 
wires in place for making vacuum seals. 

The temperature distribution in the bosses of the lu tube is 
obtained by insertion of thermocouples in wells sunk in 
to different depths at different locations. The detai 


thermocouple wells in the bosses are shown in Fig. 4 


the 


s of these 


bosses 


One of the 
wells is provided with a single-junction thermocouple for measure- 
ment of the temperature at a known distance from the inside wall 


of the lucite tube, whereas the two other wells are fitted with a 
temperature dif 


lifferen- 


differential thermocouple to measure the radial 


ference in the bosses. In addition to using a new set of 
lucite tube 


wall 


tial thermocouples in the bosses of the new 


a group ol 


1 to the outside » lucite tube 


thermocouples is cement 


between the bosses. In the measurements whic! made with 


were 
test combination B, excellent agreement was obtained between 
the readings of the thermocouples in the bosses and the adjacent 
the rmocouples on the outside of the test section Thermoc ouples 
are also inserted in the wells of the steel nozzle to discover the 
magnitude of the temperature gradient in this nozzle, 

After 


lavers of aluminum 


assem) ‘ lines and thermocouples, severa 


pressure 


ou were wrapped around these 


the lucite test section to reduce radiatio 


around 


ssembly of the textolite casing it was painted 


minimum \lter 


to seal ai) minute holes 


ind the pressure in the evacuated space 
was reduced to the order of 2 to 15 microns of mercury. It was 
necessary to install vacuum pumps and other auxiliary equipment 
to maintain these low pressures. 

The main reasons for using the evacuated space between the 
lucite tube and the textolite casing are to reduce radial heat trans- 
fer 
thermal capacity of the “insulating device’ 
A-1 


capacity of the 14-in. thickness of rock wool used for insulation 


lucite tube to a minimum and to reduce the 
In 


4-2, the large thermal 


through the 
to a small value 
the previous test combinations and 


could have introduced transient effects in the measurements 
Longitudinal heat flow is also reduced by use of the stainless-steel 
nozzle, which was placed in this evacuated space, and by use of a 
low-conductivity material—textolite—for the reducer just up- 
stream of this nozzle 

After assembly of test combination B, many tests were made to 
check the new design features of this apparatus. The pressure in 
the evacuated space was varied considerably to check the heat flow 
to the lucite tube with and withoutairflowinthetube. Theoutside 
of the textolite casing was covered with dry ice and the transient 
effects on the thermocouples in the lucite tube were investigated. 
The insulation covering the upstream stagnation tank and the 
pipe leading to the texto'ite reducer was removed, the surfaces 


were covered with dry ice, and the transient effects were studied. 
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sl 
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These tests and others indicated that all undesirable heat flows 


by conduction, radiation, and convection—were minimized by 
the new design with the possible exception of some longitudinal 


onduction to the first and last stations in the lucite tube 


Test Resutts 


The adiabatic flow measurements obtained with test combina- 
4-1, A-2, and B are presented in Appendix A. In addition, 
calculated results based on a simple one-dimensional flow 


tions 
the 
model are given in Appendix A. The analysis, method of calcula- 
tion, and a sample calculation are given in Appendix B 

The number of runs made with each test combination and the 
range of Reynolds numbers are given in the following summary 

SUMMARY OF TESTS 

No. Mini num Maximum Maximu 
runs Rep » Rep X 10°° Rex 10 
A-1 12 0.76 7 107 
4-2 10 0.50 6 117 
B 18 0.15 8 105 


T est of 


combination 10-* 


The diameter Reynolds number is based on the tube diameter 
and on the mean stream properties at the first station, whereas 


+} > 


ngth Reynolds number is based on the distance from the end 


of the curved contour of each nozzle and on the mean stream 
properties at that distance 

The representation of all the data given in Appendix A on two 
or three charts is a difficult task. If, for example, all the recovery 
factors were plotted on a single chart, there would be considerable 
of the phe- 
It 


has been found that a better grasp and analysis of these phe- 


difficulty in interpretation of the results in terms 


nomena occurring in the compressible flow of air in the tube 


nomena can be obtained by examining the test results for selected 
values of the diameter Reynolds number. This selection has been 
made to permit comparison of the test results based on the simple 
flow the 


boundarv-layer development on a flat plate with zero pressure 


one-dimensional model with well-known behavior of 
gradient in the direction of flow 

been selec ted 
to cover the range from laminar flow in the 


For each of these six values of the 


Six values of the diameter Reynolds number have 
to turbulent flow 
boundary layer of the tube. 
Reynolds number a separate chart has been prepared showing 
the measured values of the modified pressure ratio and of the 
temperature ratio as well as the calculated values of the local re- 
covery factor and local apparent coefficient of friction. On some 
of these charts it has been found to be impractical to give all the 
results pertaining to a given diameter Reynolds number at the 
first station; in these cases the values given represent, in general, 
the most widely divergent values so that the omitted data would 
lie between these divergent values. 
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results show 


Figs ‘ 10, 11 


in terms of the development of the 


The n in the six charts, 
will be discusse 
boundary layer on a flat plate with zero pressure gradient in the 


It is well known that this boundary 


incompressible 


direction of flow laver de 


velops as a laminar layer of increasing thickness, undergoes 


transition over a finite length of flow to become a turbulent 


boundary laver, and continues to grow in thickness in the direc- 
The transition starts at a critical value of the length 
The 


velocity 


tion of flow 
boundary laver has a nearly 


T he 


i thin laminar sublayer and a much thicker outer por- 


Reynolds number laminar 


linear distribution of turbulent boundary layer 


consists of 


in velocity in the 
thin 


tion in turbulent motion: most of the decrease 


turbulent boundary laver occurs, however, in the laminar 


sublayer 
Laye 7 ind Y present results for 


combinations for tl smallest values of the 


diamete teynolds numbers at the first station Fig. 7 shows 


two runs for test combination B at the smallest value of the 


diameter Revnolds number attained in all these measurements, 
namely, 0.15 « 105 
A-2and BataR 


isurements trom 


Fig. 8 compares results from combinations 


ynolds number of about 0.5 X 10°. Fig. 9 com 


pares mi ill three combinat4ons at a Reynolds 


number of about 0.8 X 10° The measured statie pressures are 


given in terms of the dimensionless modified pressure ratio so that 


the values from the different test combinations could be placed or 
The measured adiabatic wall temperatures 
The loca 


an average value over 


a comparable basis 
ire given in terms of the dimensionless ratio, T,,,/7 
ipparent coefficient of friction is, in reality, 
the short distance between two adjacent stations 

Figs. 8 and 9 illustrate the excellent agreement of the tempera 
different test 
could be used to represent the 


ture measurements from the combinations \ 


horizontal straight line ratio of 


idiabatic wall temperature to stagnation temperature with an 


average deviation of less than 0.4 per cent for all values except 


those at the first and last stations. The measured values of the 


modified pressure ratio from the different test combinations are 


also in good agreement. It should be noted that this parameter is 


related simply to the Mach number calculated on the basis of the 


one-dimensional flow model ( Appendix B und is ver sensitive 


to variations in the diameter Reynolds number, particularly at 
The 
fac t local apparent friction coefficients are also in excellent 


different The 


of the values of local apparent coefficients of friction for these 


small values of the Reynolds number calculated recovery 


agreement for the test combinations agreement 


test 
ombinations is good compared with similar published data for 
Hence 


Figs. 8 and & that gross systematic errors are 


subsonic velocities 


it appears from the measurements in 
ibsent 

The interpretation of the data on friction in Figs. 7, 8, and 9 is 
Near the tube en- 


which extends for a 


fairly simple on the basis of plate-type flow 
layer is formed 
The frictional effects of this 
crease with increasing length Reynolds number 

The 


tional effects at a length Reynolds number o 


trance a laminar boundary 


onsiderable distance downstream 
iminar 
presence of a sudden increase in the fric- 
about 10° in Fig. 8, 
ind about Fig. 0, indicates a transition to a turbulent 


values of the critical Reynolds number 


houndar i r ese 
agree well with published values for transition on a flat plate with 
gradient. On the other hand, if the diameter 


zeTO pressure 


Reynolds number is sufficiently small, as in Fig. 7, the frictional 
effects continue to decrease throughout the entire length of flow 
in the tubs The 


7 is additional evidence supporting the basic hypothesis of the 


ibsence of any indication of a transition in Fig 


existence of a laminar boundary layer over the entire length of the 
test section, 
The true local coefficient of friction for incompressible flow with 


zero pressure gradient over a flat plate is also shown in Figs. 7, 8 
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marked 
Mach numbers near 2.5 is to reduce the 


ind 9 by the curve flat plate-laminar he effect of 
true 


data 


ompressibility at 
coefficient of friction by several per cent (6, 7 The frict 


given in Figs. 7 and 8 for supersonic flow in a tube have a con 


siderably different slope than the theoretical slope for a flat plate 


In addition, the calculated values of the local apparent coefficient 


of friction lie considerably above the flat-plate values near the 


If these higher values near the tube 


entrance of the tube 


trance were due to the changing velocity profile of 


then they should be compared with the curve marked Langhaar 
This curve represents the local apparent friction coefficients de- 


duced from the results given by Langhaar (8), who took account 


of the effect of the changing velocity distribution near the e1 


trance of a tube for an incompressible fluid 


The one-dimensional flow model, certainly the simplest device 


for calculation purposes, should yield accurate values only in the 


limiting cases where the thickness of the boundary laver is small 


compared with the radius of the tube, or where the flow is fully 


developed. That this flow model is inadequate for calculations of 


supersonic flow of air in a tube is shown here by the calculated 


negative values of the local apparent coefficient of friction in Figs 
7,8 That this flow 


entrance region is probably the reason the 


and 9 model is not fully adequate for the 


apparent triction co 
efficient differs radically from the true coefficient since the laminar 
boundary layer increases rapidly in thickness. However, as the 


diameter Reynolds number increases, as in Figs. 7, 8, 9, and 10 


the effect of thickness of this laminar boundary layer on the one- 


limensional flow model calculations decreases, as might be ex 


The 


efficient in a tube and those for a flat pl 


pected differences between the vaiues of the friction co 


ite in Figs. 7 and 8 Aaay be 


due, in part, to the effect of pressure gradient in the tube and to 


the effect of initial turbulence 
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The small values of the local apparent friction coe fficient in Fig 
9 indicate the presence of a very small frictional effect over most 
of the length of supersonk flow in the tube This effect has been 
verified by repetition of these tests. The additional data, given 
not plotted here in the interest of simplicity. 


in Appendix A, are 
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Phe 


maximum deviations between the 


a ted to the 


three 


show 


the 


tests which are shown in Fig were sele 


values obtained from 


test combinations 
f 


the 


in Fig. 9 


The extraordinary agreement betweer surements o 


local anparent coefficient of friction and the curve 


shown for incompressible flow over a flat plate with zero pressure 
yuld indicate, 
the 
effect of the pressure gradient is 
in Fig 


that 


may be coincidenta 


tl 
f the 


gradient his agreement c 


however it a plate-ty flow existed for almost entire 


and that t 


pe 
ength o tube 


This agreement is much better 9 than in Figs. 7 


the 
ds 


small 


nd & interpretation could be the greater-diameter 


number Fig. 9 probably corresponds to a thinner 


boundary laver in the laminar region and hence to less departure 


~<dimensior flow than in 


al 


Langhaar curve 


itions Figs. 7 and 8 


the 


with the 


trom one 


Finally, it should be 1 lo« tion co 


efficients 


ited apparent fri 


are in better agreen in Fig 
Y¥ than 


The 


~orresponds to the local 


n Figs. 7 and 8 


urve labele« flat priate turbulent Figs. 8 and 9 
true coefficient of friction, given by von 


Karman for fully developed turbulent flow on a flat plate 


It is evident that f 


u 
or diameter Reynolds numbers of 0.5 and 0.8 X 
10° the flow in the tube never attains the condition corresponding 


to fully developed turbulent flow 


The measurements of Stalder, Rubesin, and Tendeland (10) for 


yer on a flat plate with supersonic flow in- 


teynolds 


a laminar boundary 
a recovery factor of 0.88 over a range of length 
10’ to 2 X 10 The 


measurements mace 


dicate 


number from about 0.2 x recovery factors 


mie the tube 


of 


In addition, 


calculated from the present ar 


entrance are in agreement with this value with a deviation « 


ibout | to 2 per cent except for those shown in Fig. 7 
the 


, shown on Figs. 8, 9, 


measurements 
10, 11, and 12, 
in the tube 


a flat pls 


the recovery factors calculated from 


present 


made near the tube entran 


and corresponding to the laminar boundary layer are 


in fair agreement with the theoretical prediction or ate 


namely, that the recovery factor will vary as the square root of the 


Prandt 


4 10 


ation is shown in Figs. 7, 8, 


at the 


is theoretical rel 


rr 


| number I 
I!,and 12. The 
stream temperature. 

Figs. 8 I 


erence between the culated Vv 


indtl number is evaluated mean 


ig 7 
of the 
the 
isured temperature 
10, 11 
relatively 


that the 


Compared with shows the 


recover 


Prandtl 


slues 


enting the root of 


ues Oo rie 


those in Figs Ss, ¥ and 
measured Vv 
Hence it is likely 


is a result of the 


the 


ilues are 


large 
in 
boundary 


kness ympared with the 


for the conditions correspon 


t measurements from the three test combina- 


the 
Other data obtained 


en the 


emper iture 


: shown in Fig. 9 are in excellent agreement over test 


except t and last stations 


repetition of these measurements would fall betw limits 


own in Fig. 9. The caleulated recovery factors exhibit 


flu than 


again 


iter deviations and tuations those present in the 


mperature 
Boundary Laye Phe 
8 and 9 correspond to a laminar boundary layer over 


the 


measurell 


in Transition friction coefficients in Figs 
most of the 


As the 


increasing the stagna- 


tube length followed by a transition near tube exit 


diameter Reynolds number is increased, by 


tion pressure at constant stagnation temperature, the point of 


transition to a turbulent boundary layer moves upstream toward 

the tube entrance. This effect is clearly in Figs. 7, 8, 9, 10, 

and 11 
The lo« 


Reynolds number 


al apparent friction coefficients in Fig. 10 at a diameter 


at the first station of 1.1 * 10, show that the 
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flow in the boundary layer remains laminar for only the first three 
or four stations (10 to 14 diameters from nozzle exit), and that 
transition to a turbulent boundary layer occurs over the rest of 
the tube length. In addition, the friction coefficients in Fig. 11, 
at a diameter Reynolds number of 2 X 10°, show a strongly ir- 
regular fluctuation from tube entrance to tube exit. Similarly 
in Fig. 12, at a diameter Reynolds number of about 5 X 10, the 
friction data show an irregular fluctuation from the first station 
to exit and indicate also that any laminar boundary layer which 
might exist in the tube must be upstream of the first station 
which is about 1.5 diameters from the plane of the nozzle exit. 

The effect of the transition from the laminar to the turbulent 
type of boundary layer on the measured values of the adiabatic 
wall temperature is also shown in Figs. 9, 10, 11, and 12. In con- 
trast with large changes which occur in the values of the local 
apparent friction coefficients, the values of the adiabatic wall 
temperatures are but slightly affected by this transitional phe- 
nomenon. 

Turbulent Boundary Layer. Figs. 10, 11, and 12 illustrate the 
accord between the adiabatic wall temperatures measured with 
the three test combinations. Additional] data, not shown on these 
charts, lie between the limiting values. The presence of gross 
systematic errors in temperature measurements is not indicated 
by these data. In addition, the calculated local apparent friction 
coefficients shown in Figs. 11 and 12 exhibit the same character- 
istic fluctuations for the three test combinations. This qualita- 
tive agreement, although subject to change on further analysis, 
indicates that there is no significant deviation introduced by the 
peculiarities of the flow associated with each of the two different 
supersonic nozzles. 


The interpretation of the data on friction in Figs. 10, 11, and 
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12 indicates the presence of a turbulent boundary layer in the 
downstream portion of the tube. Although evidence of this tur- 
bulent boundary layer is just beginning to appear in Fig. 10, 
evidence of its presence is readily seen in Figs. 11 and 12. For 
purposes of comparison, the curves corresponding to laminar and 
turbulent boundary layers on a flat plate with zero pressure 
gradient are given on each chart. 

In Fig. 10 the values of the local apparent friction coefficient 
near the upstream end of the tube are in excellent agreement with 
those for laminar flow on a flat plate. After the transition has 
occurred the values fluctuate about those for the flat plate with a 
turbulent boundary layer. The friction data shown in Fig. 11 
are again in good agreement with the values for a flat plate with a 
turbulent boundary layer. However, the friction data shown in 
Fig. 12 for the largest-diameter Reynolds number attained in 
these measurements fluctuate to a greater degree about the flat- 
plate values than those in Fig. 11. 

The calculated values of the recovery factors shown in Figs. 10, 
11, and 12 are difficult to interpret in terms of the theoretical 
values for a turbulent boundary layer on a flat plate with zero 
pressure gradient. Theory indicates that this recovery factor 
should vary as the cube root of the Prandtl number; hence it 
should be represented by a curve approximately parallel to that 
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shown for the square root of the Prandtl number but about 5 per 
cent higher. The values of the recovery factor shown in Figs. 10, 
11, and 12 for the turbulent portion of the flow are not only 
considerably lower than this theoretical curve but also appear to 
fall rapidly toward the exit end of the tube. This apparent dis- 
crepancy between the measured and theoretical values for the re- 
covery factors in a turbulent boundary layer may have been in- 
troduced into the calculations by the use of the simple one- 
dimensional] flow model 

Evidence that this discrepancy may be only an apparent one is 
obtained from the Stalder, Rubesin, and 
Tendeland (10) for a turbulent boundary layer on a flat plate with 
supersonic flow of air. They found that the measured recovery 
factor increased by about 2 per cent after the transition from the 
laminar boundary layer. Examination of the curves for adiabatic 
wall temperature in Figs. 10, 11, and 12 shows that there is a rise 
of several per cent in the value of adiabatic wall temperature in 
the transition from the laminar to the turbulent boundary layer 
Whether this rise of several per cent is significant is under in- 
vestigation with the aid of a more detailed analysis of the super- 


measurements of 


sonic flow of air in a round tube 


Comparison Wirn Orner Data 


Due to space Jimitations, no detailed comparisons will be given 
here of the friction coefficients with those obtained from pre- 
viously published data. It has been stated previously by Kaye, 
Keenan, and McAdams (1) that comparison with the supersonic 


friction coefficients of Keenan and Neumann (11) shows very 
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SUPERSONIC FLOW OF AIR IN A TUBI 

good qualitative agreement and good quantitative agreement. In 
addition, comparison with the friction coefficients of Shapiro and 
Smith (12) for incompressible flow of air and water indicates like- 
wise good qualitative agreement. It would appear desirable to 
analyze all these frictional data in a tube with the aid of an analy- 


sis more detailed than the simple one-dimensional] flow model 


CONCLUSIONS 

Reliable data on the adiabatic flow of air at supersonic velocities 
in a round tube are presented. Intercomparison of the measure- 
ments of recovery factors and friction coefficients made with dif- 
ferent test combinations and comparison with measurements 
available in the literature disclosed no significant systematic 
errors. 

The calculated values of the local apparent friction coefficient 
conform to a simple hypothesis of the flow pattern in a round tube 
in terms of the boundary-layer development on a flat plate. For 
that portion of the tube where the flow in the boundary layer ap- 
pears to be laminar, the calculated values of the local apparent 
friction coefficient are in good accord with both the experimental 
and theoretical values for an incompressible boundary layer over a 
flat plate, except for the data found at the smallest values of the 
diameter Reynolds number; this discrepancy can be explained, 
however, in terms of the inadequacy of the one-dimensional flow 
mode} for cases where the thickness of the laminar boundary 
layer is appreciable. For that portion of the tube where the flow 
in the boundary layer appears to be turbulent, the local apparent 
friction coefficients are in good agreement with the measured 
values for a turbulent boundary layer on a flat plate. Additional 
evidence of the conformity of these data to this simple hypothesis 
is found in the excellent agreement of the values of the transitional 
length Reynolds number found in the tube with those found in the 
literature for a flat plate. 

The calculated values of the local recovery factor also support 
the hypothesis of the flow pattern in the tube in terms of the 
boundary-layer development on a flat plate. Where the flow in 
the tube boundary layer appears to be laminar and the pressure 
gradient in the direction of flow is small, the recovery factors are 
in excellent agreement with both the theoretical and experimental 
values for a laminar boundary layer on a flat plate. Where the 
flow in the tube boundary layer appears to be turbulent, how- 
ever, the calculated values of the recovery factor are smaller by 
several per cent than those found for a turbulent boundary layer 
on a flat plate. This discrepancy may not be significant and is 
under study with the aid of a more detailed analysis of flow in the 
tube. 

The discovery of a region of supersonic flow in a tube with very 
small frictional effects, given in the earlier work on this program 
(1), has been substantiated with an adiabatic apparatus of dif- 
This region corresponds to a diameter Reynolds 
number in the order of 1 X 10°. 

The one-dimensional flow model customarily used for the calcu- 
lation of flow in a tube is satisfactory, perhaps, for use in design 


ferent design. 


applications because of its simplicity. This model can be mis 


leading, however, in the interpretation of the experimental re- 
sults 


occur in the supersonic flow of a fluid in a passage, it is necessary 


For an adequate understanding of the phenomena which 


to use a more detailed analysis based on a two-dimensional or 
A treatment of some of these 


same data by this detailed type of analysis is presented in Part 2 


axially symmetrical flow model 


of this series of papers 
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MEASUREMENTS AND CALcuLat experimental values of 
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Viscosity and Pra Vur rhe viscosity an 


Prandt! number o re given in Fig. 14, over a range of tem 


TOONG 


d 


perature from 200 to 520 F abs. The values of viscosity of air are 


from the work of . ! ! 1 MeChk vy (13 Their dat 


agree well with the u Le) l ween 160 and 500} 


abs the ma 


Fig. 14 


The values the onductivity fe r are from Keyes 


correlation i \ s of specific constant pressure 


for air are obt 1 ir (ius Tables 15 The values for the 


Prandt] number 1 e caleulated with the aid of these 
specific heats a: scosity and thermal conductivit ron 
Keyes’ equations 

Data and (¢ ted Results The measured values of the locn 
adiabatic wa myp ure and the local static pressure are giver 
in Table 3 n, the calculated results based on the 
simple one-dimensi« | flow model are given in Tuble 3 

Table 3 contai ort s, of which 12 were made with com 
bination A-1 ind 18 with B. In addition to these 
forty runs, many mi made for special purposes, such as 
tests of thern | n of the test section, tests of effect o 
cooling various porti {f the apparatus upstream of the test 
section, tests of operation of combination B without a 
high-vacuum space t These additional runs together with 
some preliminary rut le under less controlled conditions are 
not given here 

In order to keep the size of this paper within reasonable 
bounds, a critical examination was made after all the data were 


placed on a comparable basis The final result was the selectior 


of these fort ! he most reliable, on the basis that these 
were the k iffen 1 by transient thermal effects. In addition, 
the runs omi 1 ar all dupli ites of those in Table 3 The de- 
viation in measured pressures or temperatures between the duplhi 
cate runs and those given in Table 3 is less than 1 per cent, except 
for regions of transitional-tvpe flow, where the maximum devia- 


thon Is 5 per cer 
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ORIGINAL DATA AND CALCULATIONS BASED ON ONE-DIMENSIONAL FLOW MODEI 


” 
Station p = pA T r 


No, quem 
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Run No, JM=4 
August 25, 1947 
t. = 93.5°F 
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FLOW MODEL 
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tinued) ORIGINAL DATA AND ALCULATIONS BASED ON ONI 


Station Pp t pa 
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raBLi tinued) ORIGINAL DATA AND CALCULATIONS BASED ON ONE-DIMENSIONAL FLOW MODEI 
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ntinued) ORIGINAL DATA AND CALCULATIONS BASED ON ONE-DIMENSIONAL-FLOW MODEL 
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Run No, F-3 
March 9, 1950 
t= 75.5°F 
» * 14.550 psia 
= 3,0 microns 
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Run No, F-=4 
March 9, 1950 
t= 74.9% 
P 14.561 psia 
P 6.0 microns 
e 0.982 
34.93 1b/ft7sec 


% 
i 
. 


Nee 
VM @nw 
. 


BRB 
BORRELE 


& \ 
w 0 


PRBWUAewWWOW & ( 
OoOuwwundre 
Www BW Or 


NNW & Ww 


WWwWWwwwww 


we 
> 
. 
ye @ 
' 


is) 


6.407 
2.065 


mrROWRBITUNPWNH 


oO + 


Run No, Fe7 
March 14, 1950 
t. = 75,0°F 

7 


P,. * 14.705 psia 


19, 307 
0.8261 0.1538 
9158 21704 
-9653 1797 
9978 .1857 
1,089 22027 
1.239 22306 
1,400 22606 
1,631 - 3036 
1.91 -3706 
2.883 . 25365 
2.902 +5401 
0.7453 


° 


OBIE WNe 


WwwWwnhNOr Rh 


Pp, * 5.1 microns 
ec. «# 0,972 
G 


¥ . 2 
17.28 1b/ft“see 


or-M 
eS 
ae 
genta : 
CHNRWH YD) 
SERSRASB 





KAYE, KEENAN 


March 14, 1950 
t= 74.0°F 
14.707 psia 


1.3 microns 


r 
r 
v 


ce .940 
” 


. 
G 7.820 1b/ft“sec 


Run No, F=3¢ 
April] 18, 
t « 81 oF 
.. . 

= 5 Dp 
" 14.655 psia 


11 


195 


microns 


72 
vers 


14.690 psia 
4.9 


0.975 


icrons 


KLINGENSMITH, KI 


ORIGINAI 


w~ec 
. 

> < -) 
nDDd 


]/ he» 

. ee 

> J Ww 

. SNwWS 
IMwWwWwwOw aN 


~w 

*- 

Nw 
o 


DATA A 


PCHUS 


CAL 
pA 


0.1721 
-2180 
- 2506 
22588 
-2671 
22697 
02599 
+2520 
02741 
+2786 


03436 


L TOONG 


ULATIONS 


SUPERSONK 


BASED O 


M 


N ONI 


-: 
Ow 
Bw 


Q 
— 


BBARVS 


JO 


: 
8 


bo 


Ss ee ee be 5 
. 


Bw 


orww MAA A 
ff 6.8 2 oo 
2 a Ory & Oo 

RETIRES 


FLOW 


IME. 


r 


N 


AIR 


N 


, FLOW 


~ es ee 


OoIFAWNO 


AD 


w 


Tere ee ae Ce 
RAOQRORND 


NOOO QS myn 


sn h 


\ TUBI 


MODEI 








JOURNAL OF APPLIED MECHANICS 


ntinued) ORIGINAL DATA AND CALCULATIONS BASED ON ONE-DIMENSIONAL FLOW 


Station P t pa Tay M t r 
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rABLI r ed) ORIGINAL DATA AND ¢ ATIONS 


Station 


” 

aw 
N pe1.f 
NOs 


Run No, F-67 
August 14, 1950 
t_« 78, 7°F 
= 14.768 psie 
_ 
5.6 microns 
0.980 


30.51 lb/ft” sec 


Run No, F-68 


August 14, 1950 
t_ = 77.1°F 
r 


Pp, * 14.768 psia 


= 5.6 microns 


p. = 14.734 psia 
r 


p. = 17 microns 
v 


Run No, F7z 


August 25, 195 
pa 
t_ = 79.6 F 
r 


14.790 psia 
4.4 microns 
0.952 


4.533 


2 
P 
1b/ft ‘sec 


4358 
22211 


PERSONITE 
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PLOW 
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rABLE 4 SAMPLE CALCULATION 
7 7 7 * 
L P taw G, T px10° (Rep) 
D ei lbm ( lbrm x10°5 
(psia) (°F) Ti2sec (°Fabs) ‘ft sec 


msd. msd, msd,. Eq.(9) Eq.(10) Fig.14 Eq.(i1) Fig.13 


Run No. F-9 8.834 105.61 
March 14, 1950 1.614 0.4180 71.35 0.9394 28.45 471.08 1,120 0.5684 0.960 
tr = 74,0°F 5.600 -5294 72.46 -9414 
14.707 psia 9.586 -6084 72.56 +9415 
1.8 microns 13,57 -6285 73.19 -9427 
3.493 17.56 6486 73.29 ~9428 
21.54 6540 73,27 9428 
25.53 «6311 73.58 ~9433 
29.51 -6118 73.92 9439 
33.50 6656 74,73 ~9454 
37.49 «6765 74.53 -9450 
41.47 ~8344 83.83 -9615 
3615 105.61 


5 
Tm 4x10 Pia Rep Re, VW (m) y- V 
lbm ;_lbm_) 7"; 


——— ) 
(°F abs) {t sec it2se< x1075 x1075 


Fig.14 Eq.(13)Eq.(14) Eq.(15) Eq.(16) Eq.(19) 


° 


NOW Sw Ne 


0.700 0.883 7,820 0.467 0.754 0.3931 
-803 867 -407 2.28 -3005 
862 851 " 2417 
-875 851 ° 07 227 
888 846 ° . 2140 
892 845 7 of .2099 
877 851 2259 
864 857 
899 849 
906 846 

Boe 


ficient is accomplished as ifAl 


The determination of the friction coe 
follows: 
in infinitesimal length of supersonic flow in a tube of con- where AL is the d n etween t » stations. If the 
be shown from the momentum theorem that stations are adjace coefficient has 


riction coefficient 


in 
been termed in this pap d 
at a point midway bet 1 tatior If the two stations 
correspond to the firs the tubs 
sulting value has been 


efficient up t 
Integration frot or whi ner entrant 
ber is M to the section 1 7 er is uni t ees 
} } ; y error 
is the maximum possible len i a 
flow model indicat 
subsonic flow in the 
tion coefficient is inv m supersonic to subsoni 


flow, values of the loc apy nt iction coefficient were n 


alculated for those sta re the flow appeared to become 
subsonit 

Sample Ca Run F-9 is given 
in Table 4. The calculations and eq ion numbers given in the 


M 


tion coe 


headings refer to the 
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The Theoretical Analvsis of Metal-Forming 


Problems in 
By E. H. 


The plastic flow in plane strain of an ideally plastic ma- 
terial subjected to large strains is considered. Elastic 
strains are negligible and a rigid-plastic type of analysis is 
adopted. The equations to be satisfied are detailed, and 
they include stress and velocity equations in the plastic re- 
gions, as well as consideration of the stress field in the rigid 
regions to check the validity of small strains there. Com- 
plete solutions satisfying these conditions require the 
determination of the rigid-plastic boundaries to delineate 
the regions in which the various conditions must be satis- 
fied. The fallacy of static determinacy of such problems 
in terms of the stress equations only is emphasized. The 
study of complete solutions indicates errors in solutions 
commonly accepted in the literature which are based on 
the stress equations only. Examples are discussed. The 
general occurrence of velocities in the boundary condi- 
tions of forming problems is pointed out, and the dif- 


ficulty of setting such problems in terms of boundary 


stresses only is illustrated by examples. 


INTRODUCTION 


HE analysis of metal-forming problems is concerned with 
the distribution of large strains due to plastic flow. Strains 

of the order unity oecur, so that elastic strains which are of 
the order 0.1 per cent, are negligible in comparison. Therefore 
we shall adopt a rigid-plast ic type of analysis, in which elastic 
material is considered rigid. It is found that in certain regions of 
a body where the yield limit is exceeded, plastic flow is constrained 
by surrounding elastic material to be limited to the order of 
magnitude of elastic strains, so that these regions also can be 
Thus rigid regions appearing in the analysis 
This 
rigid-plastic type of analysis is satisfactory for determining the 
stress and strain distributions in the regions of appreciable plastic 
strain The complete analysis of the “rigid” regions would re- 
quire the consideration of elastic strains, but, for the study of 


considered rigid 
have not necessarily been subjected to elastic strain only 


metal-forming, it is the regions of appreciable strain which are of 
interest, so that the type of analysis used here is adequate 

We shall consider an ideally plastic material which flows plas- 
tically at a constant yield limit. The corresponding stress-strain 
relationship in tension is shown by the line AB in Fig. 1, and the 
theory corresponds to a true stress, natural strain relation of 

ined in the 
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Plane Strain 


LEE,? PROVIDENCE, R. I 


this type, f we deal with natural strain increments in the 


analysis idoption of this idealized relationship must 


eglecting work-hardening, but rather as 


field of flow 


be thought of «as 
iveraging its effect over the For when a complete 
solution of the type to be described has been obtained, the final 
average strain mag- 
vield 
stress for substitution in the equations based on the ideal mate 

For « 
De an approximate idealization of the actual curve CD, and is 
the 


would 


strain distribution is determined, and so an 


nitude can be used to determine the appropriate average 


rial xample, if the average strain is OF in Fig. 1, AB would 


seen to provide a re isonable appro\imation for over-all 


work-hardening imply a 


which would involve c« 


range of strain. Neglecting 


horizontal line through C in Fig. 1 


siderable erro: 


f strain distributions on the basis of the for 


The 
going idealizations has been found to 
of lead, which exhibits a rounded 


inal ysis 
give good agreement with 
experiments even in the ease 
stress-strain curve in the yield region with gradual developn 
of plastic flow (1 

The 
analysis of metal-forming is 
the work and the 
If the object of a procedure is to reduce the section of a bod) 


importance of determining strain distributions in’ the 


ssociated with the calculation of 


absorbed, efficiency of particular processes 
resulting strain distribution involves intert 


work without contributing to the 


in most causes the 


deformation which absorbs 


change of section. In assessing a particular process, such losses 


must be analyzed, and the way in which they are influenced by 


process variables must be determined A complete solutior 


of the type discussed in this paper would permit such an evalua 


tion 
CGBNERAL THEORY 


now consider conditions in the regions of appreciable 
The ideal plastic material discussed in the pre- 


vious section is one which deforms plastically when the yield 


We wil 


flow 


plastic 
function of the stress components, is maintained 
the Mises criterion (2) whi 

This gives 


limit, which is 


it a constant value We shall use 


found to be satisfactory for most metals 


has been fou 
using Cartesi rdinates 


vy, 


where Y is the vield stress in tension 


Numbers in parentheses refer to the Bibliography at the ¢€ 


the paper 
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resulting imcre 


degree of aceurae 


lume change 


de , 3 0 


id’ is 


i parameter which represents the magnitude of the inere- 


ent of plastie flow. It is determined by the constraint of the 
surrounding material, for each element is capable of unlimited 
flow at the vield limit, according to the concept of ide al plastic ity 
The term dX 


corresponds with the stress applied 


must be positive to insure that the resulting strain 
for example, to insure that 
i tensile stress, tensile and not compressive strain incre 
nents occur 

For flow in plane strain parallel to the zy-plane, the foregoing 


tions take simple forms. The flow condition becomes 
a : en” t/ 
Mises 


ma Xi- 


is the vield stress in shear For this case 


on coincides with the Tresea criterion of constant 


shear stress. The strain-increment relations, Equations 


ind [2], can be expressed in terms of the distribution of par 


velocity, which has components u,, vu, parallel to the corre 


ixes. They become 


is a parameter which represents the rate of strain, and 


associated with the previous parameter d’ 


metal-forming problems are concerned with slow flow 


comparison with the 


shall study 


negligible wu 


that 


required to produce plastie deformatior Wi 


Inertia forces are 


it the stress svstem must satisfy the 


type of problem, so tl 


tions of equilibrium 


It might be d that sinee time does not appear in the 
PI 


stress-strain relations, or in the equilibrium equations, the veloc- 


tv components need not be referred to time, but to any other 


parameter, such as the displacement of a boundary which is a 


easure of the progress ol the deformatior 


rhe conditions in the regions of plastic flow are specified by 


stress components ¢,, ¢, and t_,, and the velocity 


The stress components must obey the 


the three 
omponents u, ind u 

z y 
three Equations [4] and [7], and the velocity components must 


obey the Equations [5] and [6] which also include stresses 


Since Equation [4] implies constant maximum shear stress 
throughout the field of plastic flow, it is convenient, following 


Heneky 


of maximum shear stress, or slip lines, shown in Fig. 2. These 


+), to consider the stress field in terms of the trajectories 


orthogonal trajectories are used to define curvilinear co-ordinates 


a, 8. The stress system at each point is completely deter- 
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the s Ip-line lireetior 


ind the average hydrostatic pressure 


quath ‘ i 





p 2k¢e is « 
p — 2ke¢ is 


It is convenient also to work 


ture of the slip lines, R and S shown in Fig 


7) are equivalent to the differential rela 


dS +1 

dR 
Referring the velocity equati 
velocity components u 
und [6 th 


are the 


Equations [5 imply the 


long a p 


Let us now consider the rigid regions. The nust be able 


withstand the tractions to which their boun subjects 


without appreciable deformatior Phese 
transmitted 


Moreover, the 


ngid boundari nust be « bole 


to stresses cross 


surface loads 


regions adjacent to plasti 


with the rigid-body motior 
We wish to analyze the 


mining the stress distribut 


involve an elastic-plastic ana 


Huence rigid regions by 


stress 


to insure that al ess boundary 


without exceeding the maximum she man 


where a wedge extends into the plas rion, a narrow 


the wedge would produce lower extet for deformatiot 


of the In such a case to expect that 


svstem 


this wedge the limiting stress distril with constant maxi 


developed transmit the 


mum shear stress & will be 


boundary stresses between the two par 


\ less severe distribution involving shear stresses less tl 


maximum permissible would call for a wider wedge angle and so a 


greater external force. It is in such cases that the stress distribu 


tion in a rigid region is crucial in the development of the plasti 


solution. In other cases where the rigid material is not required 


to carry limiting stress, the plastic field should be « xtended to 


show that the plastic-rigid boundary tractions trans 


mitted through a limiting stress region subjected maxi 
mum permissible shear stress, combined with additional support 
ing material. In this case, the limiting stress distribution would 
expected to spread into the supporting material to give an 

. 


elastic stress distribution with magnitudes of the maximum she 


stress less than k 


‘ Details of this and the subsequent analysis of this section are 


given in reference (1) 
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rhe velocity condition adjacent to a rigid region requires the 


velocity field to be compatible with the rigid-body motion 


which can be considered as at rest, by using velocities relative 
to that of the adjacent rigid body. This does not modify the 


velocity Equations [5] and [6]. Equations [5] and [6] constitute 
i pair of hyperbolic equations with the slip lines as characteris- 
tics This implies that the boundary, which is a line of discon- 
tinuity of velocity or its derivatives, must be a slip line, but an 
independent proof of this requirement is given in the Appendix 
This applies whether or not the boundary is moving relative to 
the rigid materia! 

In the next section we consider the application of the condi- 
tions and equations stated in this section to the analysis of metal- 


forming problems 


COMPLETE SOLUTIONS 


{ complete solution is one which satisfies all the conditions 
the 
tinguish such solutions from solutions of the stress equations 


discussed in previous section. This term is used to dis- 


only, Equations [4] and |7|, which have been commonly ac- 


cepted in the literature as satisfactory solutions of plastic-flow 
problems. The conditions to be satisfied are summarized as 


follows: 
and 7 
und [6 


The stress I quations i in the plastic region 
The 
with a check of the sign of A 
Velocit) 


that they 


velocit I-quations 5 in the plastic re- 


compatibility of the plastic-rigid boundaries, 


are slip lines of the plastic fields 


l Satisfactory extension of the stress field into the rigid 


regions to check the validity of small strains there 


, Satisfaction of stress and velocity boundary conditions 


the last condition 


require considerations of the motion of the boundaries due 


Since the theory considers large strains, 


nina 


to the flow « curring. However, a group of problems exists, 


called initial motion problems, in which the strains can be con- 


sidered sufficiently large to adopt a rigid-plastic type of analysis 


and yet sufficiently small to produce no appreciable deformation 


of the boundaries, so that the boundary conditions can be re- 


ferred to the initial position of the boundaries. This combina- 
tion is possible since elastic-strain magnitudes are so small 
Following Hencky i it has been commonly accepted (see, 
for example, references 5 ind 6) that since the three stress com- 
ind 7 are given by the three stress Equations 


ponents ¢o, Cy 
4) and [7 
determinate 


plastic-flow problems in plane strain are statically 


However, as has been emphasized in recent papers 


see, for example, references 7, 8, 9, 10), velocity magnitudes 


‘ommonly occur in the boundary conditions dnd in the condi- 


tions which determine the extent of the plastic regions, 80 that a 
solution is necessary for the adequate analysis of a 
Moreover 
sociated an infinite number of solutions of the velocity Equations 


This 


which a 


omplete 


problem with any plastic-stress field, there is as- 


5! and [6], and so an infinity of plastic-flow problems 


tate of affairs differs trom the theory of elasticity in 
stress distribution uniquely determines a corresponding strain 


The lack of 


appreciation of this difference may have, been partly responsible 


distribution, and so represents a complete solution 


weceptance of stress fields as adequate solutions 
In fact, 


the next section, many stress solutions of physical problems which 


for the common 
to plastic-flow pr lems as will be demonstrated in 
have appeared in the literature are at best only plausible, but 
may not even be approximations to the correct stress distribu- 
The check is whether a corresponding complete solution 
conditions on 


tions 


ean be found, and in many cases the boundary 
velocities determine no corresponding velocity field, or only ones 


which do not represent the particular problem being considered 


METAL-FORMING PROBLEMS IN 


PLANE STRAIN 


Mises (11 


need for complete solutions 


and Geiringer (12) were the first to point out the 


ind the fact that velocity magnitudes 


generally appear in the boundary conditions was emphasized 


by Geiringer and Prager (13 However, the influence of the 


rigid regions was not discussed in these papers and this repre- 
the re- 


not 


sents a severe complication in the problem. Initially 


gions in which the plastic equations are to be solved are 


the 
problem of the determination of the plastic-rigid boundaries 

The 
5} and [6 
differential 


known, and the complete solution involves free-boundary 


stress Equations [4] and [7], and the velocity equations 
are each eqvivalent to a pair of hyperbolic partial 
the 


This suggests the possibility of the existence of discontinuities of 


equations with slip lines for aracteristics 


the dependent variables or their derivations across these curves, 
and of building up solutions by joining particular solutions along 


characteristics. This is the way in which most solutions have 


been developed It is found that discontinuities in stress deriva- 


tives, and in the tangential component of velocity can occur across 


slip lines In the latter case, since velogty derivatives are not 


defined, the Mises flow relationship must be satisfied by a limit 
ing process as discussed for the plastic-rigid boundary in the Ap- 


pendix Solutions with such velocity discontinuities satisfy 


equilibrium and the conditions of plasticity for the ideally plasti« 


material under consideration. In this they are not to 


SE TINE 


be thought of as approximations. However, at such discontinui 


ties the idealization of the stress-strain relation will have its 


greatest effect, and in practice the influc nee ol work-hardening 


will be to smooth out such discontinuities. Discontinuities in 


stress components can also occur in plane plastic flow as 


but 


Was 


Prager (14 these must be associated with 


infinitestima! 


pointed out by 


elastic regions of width at the discontinuity sur- 


face (9), and conditions there do not satisfy the equations for 


plastic flow 


As an example of the influence of the rigid regions in deter- 


mining a complete solution, let us consider the indentation of a 


pertectly rough obtuse-angled wedge into a plastic material 


For simplicity we will consider the initial motion problem wit! 
ws shown in Fig. 3 Chis is a 


the material boundaries specia 


1 curved cylindrical 


case of the indentation of indenter consid- 


ered by Prandtl! (15 


4 
RIGIO 
Fie. dit 
‘ 
It is built 
ised by Prandt! 
which are special solutions of Equations [9]. Along AB and 
CD the slip lines intersect the surface of the material at 45 deg to 
Since the wedge 


Consider first the plastic field shown in. Fig. 3(a 


up from the well-known slip-line patterns 


correspond with zero surface traction there 
surfaces are perfectly rough, slip along them must occur in the 


plastic material and not at the material-wedge interface, so that 
BF and CF are slip lines 





The vertical velocity Uo of the punch and the fixed rigid ro- 


gion #, are combined with Equations {10} to determine a satis- 


factory velocity field Term u is zero, and = (", sin ¥Y through- 
out ABFE, where ¥ is the semiangle of the wedge 
plastic-rigid boundary AEFGD is a slip line, we need now only 
At the apex F 


the tangents to the boundaries of the rigid region form an acute- 


Since the 
heck the stress distribution in the rigid region R 
angled wedge, of angle 180 deg 2y, with the maximum shear 
stress k on its surfaces as shown in Fig. 4(a 

We will consider the extension of the plastic stress field into 
such a wedge, and make the reasonable assumption that results 
based upon this will apply to the actual rigid region bounded by 
circular ares, for the same conditions will apply at the apex in 
both cases. In addition to the shear traction shown in Fig. 4(a), 
there is a constant normal pressure on the wedge surface which 
the 
leads to inconsistent shear-stress com- 


does not influence plastic flow. The extension of plastic 
fields shown in Fig. 4(a 
ponents on the central axis, which is emphasized by the direc- 
tion of the shear-stress components shown on the material ele- 
ment toward the base of the wedge. The fact that these bound- 
iry tractions cannot be transmitted through such a wedge with a 
shear stress not greater than k can be checked alternatively 
of the Mohr circle the at the 


pex, for the planes subjected to the shear stress & are not at right 


from a study for stress system 
angles, so that the radius of the Mohr circle must be greater than 
k. Thus the solution shown in Fig. 3(a), cannot be considered a 
satisfactory complete solution since a stress field cannot be found 
for the rigid region compatible with small strains there 

Had the apex angle of the rigid region at F been 90 deg, Fig 
4b 


produce a uniform stress distribution in the wedge with the maxi- 


shows that the plastic fields could have been extended to 
mum shear stress k throughout. With an apex angle greater 
than 90 deg, Fig. 4(c) shows that the plastic regions could be ex- 
tended to a central supporting wedge subjected only to hydro- 
static pressure with no shear stress. The hyperbolic nature of 
the equations of plastic flow, combined with the rigidity of the 
central region, subjected to hydrostatic pressure, implies no 
strain in the adjacent regions, so that the whole wedge remains 
rigid. Thus we have a stress system with shear stress not ex- 
We 


an elastic 


ceeding &, which maintains small strains in the wedge 
would in fact expect the regions to coalesce to give 


listribution with maximum shear stress less than k 


on under 
hydrostatic pressure 


wedge angie > 90° 
Fic 


wedge angle <90° wedge angie = 90° 


a Fie. 4(t 4c 


Phese 


of the type considered is that shown in Fig 


considerations indicate that the only complete solution 
3(b), in which the 
hp lines BF and CF are orthoggnal. This insures satisfactory 
extension of the plastie fields in the rigid region below F, and 
n the rigid region BHCF. A uniform stress field in BHCF gives 
cceptable tractions at the wedge surface since it is perfectly 
Thus, al- 
a configura- 


tion similar to Fig. 3(6), with F anywhere on the vertical below H, 


rough and can sustain any shear stress less than k 
though satisfactory plastic solutions are given by 


onsideration ot the rigid regions determines Fig. 3(b), to repre- 
sent the unique complete solution of this type. The wedge car- 


~ a false nose of the plastic material which performs the pene- 
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tration. Such a nose is observed experimentally in armor penetra 
ton with blunt projectiles. 

The type of solution discussed in this section attempts to deter- 
mine the plastic flow for large strains without following through 
the complete development of the flow pattern, as the strain 
This is a difficult requir 
Moreover 


to make 4& 


builds up from the elastic solution 
ment which may not be achievable in certain cases 

have 
This often n 


these solutions may not be unique, and we may 
choice between a number of possible solutions 
be done on general grounds. The correct physical problem is 
that which results from the limit of elastic-plastic work-harden- 
ing solutions, and this may determine a single solution when th: 
foregoing theory does not. In spite of these difficulties the method 
gives correct solutions as checked by agreement with experiment 
1, 16), but these questions emphasize the need for further ex- 
perimental work, and for study of the development of plasti 
solutions from the initial elastic deformation. The latter type of 
problem has been investigated by Allen and Southwell (17) and 
by Jacobs (18, 19), 


ried only to cases where plastic strains are of the order of elastic 


using relaxation methods, but has been car- 


strains These solutions cover the case where plastic regions 
have spread completely across a section of the body considered, 
but a study of the solutions indicates that considerable change 
must take place in the further development of the flow pattern 
before strains, large compared with elastic strains, can occur 
Further extension of these solutions appears to be extremely 
tedious and may involve difficulties due to the change from pre- 


dominantly elliptic to hyperbolic equations 


Discussion OF SOME SOLUTIONS IN THE LITERATURE 


In the previous section we have discussed the lack of complete- 
ness of solutions of the stress equations only, and the fact that 
such solutions which have appeared in the literature may not 
even be approximations to the corresponding complete solutions 
In this section we consider some examples 

Let us consider the solution given by Prandtl (15) for the in- 


dentation of a rough cylindrical punch. The slip-line field is 


shown in Fig. 5. This type of solution has been used exten- 
GHBA is a false nose of the type dis- 
The slip-line field in ABCF con- 


sists of tangents and involutes to the surface of 


sively by Sokolovsky (5 
cussed in the previous section 
the indenter 
In CFE we have circular ares and radii through C, and CED is a 
uniform stress field with the straight slip lines inclined at 45 deg 
to CD. Prandtl showed that this field satisfies the stress equa- 
tions and the free surface boundary condition on CD. It deter- 
i1BC, the indenter surface 


ind so determines the indenting force 


mines a distribution of pressure on 
modified by the false nose 
required. The direction of the shear stresses on the slip lines 
determines the a, B-directions as shown 

Let us now consider the Let ¥ 
On AB 


Application of the sec- 


associated velocity solution 
be the inclination of the boundary ABC to the vertical 
Y = 45 deg, and it decreases toward C 
ond of Equations |10 
determines constant 


, with dg zero since the 8-lines are straight, 
B-line, which must 
throughout, since the rizid material below AFED is at rest rt 
first of Equation [10 


along each be zero 
then determines u to be constant on each a- 
line, and the conditions of continuous normal velocity across the 
sin y, 


press against the body all a 


surface of the indenter gives u = [ since the stress 
solution requires the punch to 
1BC 

Let us now consider the magnitude of A in Equation [6 For 
simplicity we will consider the region CED and Cartesian axes 
along ED and EC as shown 
6 | becomes (Ou /Oy)/(2k 


the first term being indeterminate 


Then the second term in Equation 
, Since u, = u,u, =v = 0,and r,, = 


Using the expression for 
previously determined, Equation [6] becomes 





Vest _ 9 
2h oy > 

But W decreases with increasing y between B and C (i.e., as 
the curve ABC is traversed), so that dy/dy is negative, and the 
Along the boundary AFED the 
continuity in velocity produces an infinite rate of shear strain 
Thus this solution is not a 
The difficulty is 
i] standpoint as illustrated by the velocity 


inequality is violated dis- 


which determines positive \ there 
satisfactory uplete solution of the problem. 
clear from a kinematic 


profile for CE shown in Fig. 5. The velocity imparted to the 


rosses the plastic-rigid boundary is sufficient to 


material as it 


earry the material above it away from the indenter surface 


To prescribe that the material remain in contact with the in- 


denter along ABC, as does the stress solution, demands shear 


of the material toward the indenter, which is opposite to the 


stress This condition indicates that the 


direction o 
correct il pressure in the region of the 
indenter, with separation of the indenter and plastic 


of the The 
quite different from that 


nose of the 


material further back toward the surface material 
corresponding stress field would be 
shown in Fig. 5. It should, perhaps, be mentioned that this dif- 


fieulty with Prandtl’s solution does not arise if the indenter has 


the form of a straight-sided wedge, as considered in the preceding 
sectior 

It was mentioned in the preceding section that there is an in- 
finite number of velocity solutions associated with a particular 
suggest 
5 is the correct stress field, although the 


stress field, and, accordingly, one can many physical 


problems for which Fig 
rigid indenter is not among them. For example, if we consider an 
indenter with hinges at B and G, such that the sides BC and GJ 
indentation proceeds, with sufficient angular 


open out as the 


velocity to maintain positive A, the stress field in Fig. 5 de- 


satisfactory complete solution 


termines the 
Van 


terms of the stress equations only 


Iterson (6) considers many metal-forming problems in 
There are many examples in 
his work where the position of a rigid-plastic boundary prevents 
field, so that the 


An example of another type of 


the determination of a satisfactory velocity 


stress field given is incorrect 


error which can arise occurs in his consideration of the stress 


field associated with the machining of a ductile material with a 


rough tool. This is shown in Fig. 6. For the initial motion 


problem before the surface of the work ABF has been deformed 


appreciably, this field determines a satisfactory complete solution. 


However, this initial force is of no technological interest, since, 


during almost the entire cut, a steady problem occurs with the 
chip being lormed continuously and carried away up the tool 
of the stress field only, 


ace From the st andpoin such a chip 


could be considered attached to AB, and merely carried away 
as an unstressed rigid body, since no surface tractions occur along 
iB Presumably van Iterson considers this case, lor he com- 
pares the resulting tool force with measurements made in con- 


tinuous machining. However, a study of the velocity equations 


— velocity profile 
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i?) 
Fis. 6 


shows that no satisfactory veloeity solution is associated with this 
stress field 
The velocity solution is similar to that associated with Fig. 5 


and detailed in the fore going Consider the tool to be moving 


and the work to be at rest 


Then the linear §-lines and continu 
ity across DCB determines v to be zero throughout. This, 


1D, determines 


com 
bined with the velocity condition at the tool face 
i to be constant throughout and equal to the component of th 
tool veloc ity normal to the tool face Because of the rotation o 
the slip lines through DAC, the velocity component of the par 
ticles of AB normal to the tool face is equal to u cos DAC, 
that the chip which is carried on AB, will have 
face less than that of the 


a velocity com 
ponent normal to the tool tool itsell 


This is incompatible with a steady-state solution; thus the 


stress field shown in Fig. 6 is not correct for this condition. Satis 
factory complete solutions for such machining problems have been 
Lee and Shaffer (20 


A further graphic demonstration of the pitfalls to be encoun- 


given by 


tered in the consideration of the metal-forming problems in terms 
of the stress equations only appears in a paper by Siebel (21 


Siebel appreciated the difficulty and gave alternative solutions 


to certain problems, without being able to choose between them 


These difficulties are resolved when the associated velocity solu 


tions are examined The consideration of his work from the 


standpoint of complete solutions is given in the discussion of the 
Hill, Lex ’ 


From these few examples it is evident that much of the earl 


paper by and Orowan |see discussion of reference (21 


work on distributions in metal-forming problems need 


stress 
re-examination from the standpoint of complete solutions 
Tyres or ProBLems 
It was stated in the section, Complete Solutions, that metal- 
forming problems, in general, have mixed boundary conditions 
This Is 


processes 


involving both surface tractions and surface velocities 


apparent from the consideration of some common 


For example, in rolling with rough rolls, the surfaces in contact 
with the rolls have preseribed velocities, and the surfaces outside 
the rolls are stress-free. In this case, as for most examples, the 
force initiating the plastic flow is transmitted through boundaries 
having pre scribed velocities. The magnitude and distribution of 
this force are determined by the solution of the plastic-flow prob- 
lifficult ot 


impossible, without first obtaining a complete solution, to specify 


lem. This is usually the case, for, in general, it is 


a forming problem generated by a prescribed stress distribu- 
tion. A simple example will be used to emphasize this point 

Consider a parallel-sided slab of material stressed in tension or 
compression in plane strain, the slab surfaces being free from 
traction. The resulting behavior depends on the magnitude of 
the applied stress o in comparison with the tensile yield stress in 
plane strain, 2k 

If o < 2k, the slab is strained elastically and no plastic flow 
occurs. If o = 2k, tensile plastic strain can occur, and if ¢ = 
2k, compressive plastic strain. If |o| > 2k, no equilibrium 
solution is possible with the idea] plastic material which we are 
considering. Thus, to set this problem in terms of stress-bound- 


ary values to determine plastic flow requires a precise choice of 
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stress-boundary values has no 
example, Christianovich (22) considers 
scribed normal and she 

method of attack is 


plastic-flow conditions 





Equations [4] and [7 with the give 
As is to be expected with the solution o 


closed domains, difficulties 
Fie. 7(b , 


un envelope bevond which 


, ; such an eny 
the stress ¢ n fact. 2k. No such precision is required 


. tianovich termed 

to set the probiem In terms of vé locity boundary conditions on ‘ | } 
to them physical sl 

the part of the surface where the force is applied. With the 3 I erie 
“ : owever, such a solution car 

present rigid-plastic type of analysis, approach of the ends gives the bod 
ie bod 


¥ Satisiactor solution 
plastic flow in compression for all velocity magnitudes and 


flow in tension 


rigid regions, and not into 


separation of the ends gives plastic : 
: which nothing can | 
From consideration of this example, it might appear that one 7h. cesar im thie 
could set a plastic flow problem in terms of stress-boundary 
I ; considered 
values, by assuming proportionate increase of all boundary trac- , 
ilue i ung proy oa eee vee values may 
tions until flow occurs. However, a study of particular examples probler ; 
wobiem, or no ¢ jul 
indicates that a trivial type of solution is likely to result in which , ‘ 
Therefore 


lastic flow occurs at a point only in the plane of flow, or along a 


pk 
line As a simple 


boundary 


Consider, for example, a straight-sided we ’ pressure on the foresoing, 
one face as shown in Fig. 7(a Plastic flow can be generated throughout, th 
in such a wedge by prescribing a normal surface-velocity distribu- by the boundar 
tion, as shown in Fig. 7(6), with zero shear component of surface lines at 45 dex t 
traction. If the distribution of normal velocity v, is not compati- — ines the fir 
ble with a rigid-body motion of the surface, plastic flow must getermined 
occur in the wedge material. For decressing away from the 

is shown, Fig. 7(b) shows the slip-line field which gives a 
ctory complete solution. It is determined uniquely by 
the unstressed surface and the zero shear traction where the 
velocity cribed. It determines uniform pressure over the 
top surface where the velocity is preser 1. This particular 
distribution of pressure is the only one which determines flow 
throughout the apex of the wedge, and with it acting, any mono- ye 


the continuity AF 


distribution of normal! velocity under 


ED, BI 


listribution shown in Fig. 7(a@) is applied 
increasing from zero proportionately at al 
in infinitesimal region at the apex, when 
it the apex) re iches 
Apart from local flow 
d, for the pressure along 
to produce general flow 
with any pres 
it the apex 
the material 


pressure which 


rresponding 


eptions to 


pressure 


I 


If a wedge with curved sides is consid problem analo- 


gous to that shown in Fig. 7(b) detern unique pressure dis- 
tribution which is not uniform, and this particular distribution 
will generate flow throughout the wedge 


This difficulty of setting plastic-fl 
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Bod 


is not zero, and again Mises relatio 
1B to be a slip line 
eee The conditions considered in the foregoing cover 
hitute encountered, for the condition that all first derivat 


ity are Zero is not common 





The Optimum Problem of the 
Sandwich Plate 
By W. FLUGGE,'! STANFORD, CALII 


While numerous papers have been published on the AP 
stability of sandwich plates in compression, Fig. 1, so 
far, attention has almost exclusively been focused on the 
problem of finding the critical load under which the plate 
becomes unstable, assuming that the dimensions and 
the materials are given. Some 7 or 8 years ago the author 
realized that this is not enough for practical purposes. 
The engineer needs some advice as to how the dimensions 
of a plate should be chosen in order to obtain a favorable 
relation between its weight and the lead carried. The 
method used in answering this question will be explained 


in this paper. 


practical interest But when tl ngth of ite is such tha 


i b < |, the plate will subdivide in n t waves of lengtl 
l, and will become unstable at the corresponding load P Fol- 
lowing the general usage, we shall call this short-wave 
stability ‘‘wrinkling,” reserving the word “buckling” for 


instability which resembles the buckling of a solid plate 











BUCKLING 


Curves like No. 1 are the result of an elaborate theory and of 
for the essential parts of curve 2 


lengthy computations, but | 


rather generous simplifications are possible which lead to simple 


formulas. For the descending part to the right, it is enough to 


INTRODUCTION 
n which takes ure ot the 


introduce into the buckling theor tert 
shear deformation of the core 


FP PVUE general result of sandwich theory is illustrated by the 
When the plate is compresse ri - 1), and wher 


two curves shown in Fig. 2. They describe the critical 
load in terms of the length / of a buckling wave half its short edges are unsupported we \ im} Kuler case 
period) when everything else is kept constant Both scales of ind find 
these curves are logarithmi 
Curve | belongs to a plate having a thin core made of a rather 
rigid material. Its buckling load decreases monotonically with 
increasing and, therefore, a plate of any length 6 will always 
ith the wave length / = + 

Quite different and more characteristic is the curve 2. It be re & ‘ v*) is the plate modulus of the face material 
| e which has thin faces and a thick core of and Gr, the nodulus of the core material. J is the moment 
wil " I " it width of cross section, in which we hegier 


If either / ( the plate t 


being without t insig t contribution of the © al the } inf riting 


and will be 


ko, McGraw-Hill 


140, equation 92 
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th? 1 


and write the bu 
bh? 40 


Of course, a zero wave length does not make much sense, but what 


really happens is this: Our simple formulas neglect the individual 


ter nto the theory bending rigidity E't*/12 of each face sheet This rigidity has a 


term into th 
tendency to increase the wave length, but since the minimum of 


is so shallow, its value is not much raised by this shifting to the 


It is possible to introduce a similar shear i 
a plate strip under lengthwise 


of plate buckling and thus to treat 


compression, Fig. 3(¢ rhe result is a formula which contains P, 


fiinement ol 


right. We necessarily must exclude this possible refin 


the wave ik 
an additional 


the theory from our graphs since it would introduce 
] } 


parameter, but it may be advisable to chech rerical resu 


ts in 
the region of high values of [ by a o 


From this formula the curves in Fig. 4 have bx i They WRINKLING 

w P, versus //b for [ = c 1, P; has a minimum for _ 
sho sgt 1 ¢ ] If ¢ P, has am im for s The other type of instability of a sandwict 
certain value ol I I sil y verily t ! ninimum 1 

mn VaMe 6 Comy Gey * ‘ characterized by a very short wave length and is dominated by 
the core acting as a 


plate, wrinkling, 1s 


is given by the following formula the individual flexural rigidity of the faces 
kind of elastic bedding which opposes the lateral deflection of each 


face. If the critical ‘oad of a sandwich plate is represented by a 


curve like No. 1 in Fig. 2, the two faces influence each other across 
the core, but when the curve of load versus wave length looks 


and that the corresponding wave length is like No. 2, the bedding stresses do not penetrate deeply In the 


_ latter case the wrinkling load is independent of the core thickness 
j ! ’ h and just the same as if each face sheet were fixed to a half space 
\ +; of core material. Then the theory of a bar on elastic foundation 
may be applied which yields the critical load 
If ¢ > 1, two minima and one maximum ibine t | 
low minimum at / 0. It is E' tr pl 
12 | i 


|] } | | Here 8 is the modulus of foundation. In most applications of the 
Seeerrrererease' 1 
theory of a bar on elastic foundation it is assumed that § is 


constant. This would be true if the foundation were a kind of a 
B de pe nds upon 





spring mattress; but when it is an elastic body 
the half period of the sinusoidal load imposed 





the wave length J, 





on its surtace 





If the core material is isotropic, E, almost equals its elastic modu 
lus E.; and if it is anisotropic, E, is a certain function of al 
its moduli. When we introduce the expression fer 8 into the 


formula for P:, we have 

















and now we may choose 1 minimum rhe 


result will be 


For later use we write the load ir 


Since the wrinkles are very narrow, it is immaterial whether or 


not the unloaded edges of the plate are supported,"and the for- 
mula applies to both cases, Figs. 3(a) and (¢ 


* Reference (2), p. 110, equation [74 
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He OprimuM PROBLEM P 


ch plate is designed, the aim will be either to 
of minimum weight per unit of its surface Q for a 
given ert oad P, or the plate with the maximum critical load 
P for a given weight Q In both cases it may be supposed that 
the following data are fixed in advance 
Width b of panel (Pig. 3), 
Material of faces, that is, its plate modulus EF’ and its specific 
gravity 7 
General type of core mater al so that its shear modulus G., 
its modulus £,, as defined in the preceding section, and its spe- 
cific weight Y, are all roportional to each other, but in the whok 
will depend upon the degree of fluffiness which will be adopted buckling 
The dimensions which still must be determined are the core 
thickness A and the face thickness ¢, Fig. 1 In addition, the 


degree of fluffiness of the core material may still be chosen within 








certain limits. Since G,, Ec, Y- are proportional, the ratios 
E 


2G 
and when we have chosen ¥- the moduli are 


dea of the optimum problem, let us consider a series 


e same width 6 and of the same weight 


met. Wemay stil \ Lh, but hye and 
constant When we plot P; from Equatior a 

: Equation [4], we obtain the curves shown in 
: or falling monotonically from the left to the right rinkling 
rt of the diagram, P; < P; and the sandwich 
wrinkling: ir the right-hand part P P, and 

by buckling Therefore the criti load is 


line, and its maximum wi 











Equations | 1 
its summit; but sine 


nd would have to be done again and 


given quantities, It is desirable to re 


rameters of the problem so far that a gen 


nstructed e and then kept re vdy for 
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Buckling, lateral 


Wrinkling 


In these formulas, z and A are the variables which must be deter 


- 
mined. Besides p and g there are still two parameters 


When we study Equations [6] and [7] we see that we 
them of these par ter »y a second substitution 


dd 
\ 


In this notation the formulas for the critical loads will assume 


the following form 


Suckling, lateral pressure 


Buckling, lengthwise pressure 


Wrinkling 


We may now get r nal diagram will look 
When we fix « hen 7 ep only r 1A’ and may be 
plotted by lines p ! ! DY plane. Or 
course we si t ever point ¢ 1 ) e smaller one of 
pi’ and p It is shown in J upper right is 
the region of buckling, t lower lef » region of wrinkling 
The dividing line | em he ojection of the divide of 


the p’-hill 
10a 


and mav be determined point by by in ecting contour 
lines for equal values of p,’ and p The summit. of the hill is 
characterized by the fact that there the contour lines do not inter- 


sect but just touch eac h other 
Op, (Or Ope’ /Or 
- = 10b 
Opi’ /OX Ops’ /O 


One mav determine the co-ordinates of the summit by introducing 














p’ from Equations 
or x and A The 
parameter q 


is expressed | 


From these formulas Figs 
a given p’ vield those v 
lightest sandwich plate 
grams have been used 
wrinkling from [equation 
pression, also the wave 


then decide whethe 


worthy, whether 


iuzgthwise pressure 
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ind a set of divides may easily be drawn and 


Pi = Pp. for every p 
This has been done in Fig. 10. 


numbered according to p 


[11b’} 


° 
for wrinkling 


a 


-—<—~ 











PRESSURE 


Ht 





2 So | i 1 
—-— | 
8 ry 0 


LeNoTHWIse Pressuri 


From this last equation we may eliminate q’ only if we are willing 
to tolerate p’ besides p. Then we may write as well 


[12b 


When the load P is given and we aim at a minimum of the 
weight Q, then p’ is known, but not q’, and Equation [12] must 
be used. In the inverse case where the weight Q and hence q’ is 
known and P is required to be a maximum, Equation [12a] will 
We shall here restrict the discussion 
the other one may easily be 


be the wrinkling condition 
to the more important first case 
treated along the same lines 

Since p; depends only on z and ) (in both cases), one may use 
Equation [lla] or Equations [116, b’] to draw once and for all a 
set of curves p const in the z, )\-plane. But it is not pos- 
sible to handle the wrinkling load p: in the same simple way 
Because of the parameter p’, Equation [126] would yield another 
set of curves for every other value of p’, and that is, of course, 


too much for one sheet of paper. But there is only one divide 


From the 


orresponding to this value of p’ we look for 


the point where it has a common 


ind on the vice 


tangent with a contour line 
This is the optimum point For greater convenience, the curve 
which passes through all optimum points has been drawn in the 
diagram and is marked “opt.” If for one reason or another we 


and \, it will make difference 


want to choose other values 
whether the point lies toward the upper right or toward the 
lower left of the divide Above and to the right of the divide is the 
buckling region and one may read p, from the set of contour lines 
of the diagr On the other side of the divide we are in the 
const are not appli- 


cable, and we mus In both 
cases we find then g’ = p’/p and from there everything we need 
by going back through the equations of this paper 

From the diagram it becomes evident that if a deviation from 


wrinkling region, where the contour lines p 


use Equation [126] to compute py» 


the optimum is necessary one should try to keep close to the di- 
vide because there the loss in p and hence the increase in q’ will 
be least 

After every use of the diagram, Equation [3] and, in the case 
of lengthwise compression, Equation [2], should be used in order 
to find the wave length of buckling or wrinkling. If the result 
suggests that our basic formulas might not be a sufficient approxi 


mation, more elaborate formulas should be used for a check. The 


outcome may modify the final decision, but even in such cases the 
give a good hint regarding the location of the opti- 


\-plane 


ACKNOWLEDGMENT 
sent paper is prepared from two extensive reports‘ 
which the writer published together with K. Marguerre. Many 
of the details represented here and in the more comprehensive 
papers have been worked out by the latter, and the author wishes 


to express his thanks to him for his co-operation 


‘Théorie de la stabilité en compression de la Plaque Sandwich 
and Les dimensions optima de la Plaque Sandwich comprimée,"’ by 
W. Flagge and K. Marguerre, Reports No. 421 R 1 and 421 R 2, 
1947, of the Office National d’Etudes et de Recherches Aéronautiques 
Paris, France 





Statistical Design of Fatigue Experiments 


By WALODDI WEIBULL,' BOFORS, SWEDEN 


An analytical expression connecting fatigue lives with 
applied stresses, and methods for computing the values of 
For- 
mulas for estimating the uncertainty of computed param- 
eter values, caused by scatter of loads and fatigue lives, 


its parameters from experimental data are given. 


for optimum distribution of specimens, and for optimum 
choice of stress levels, are deduced. Testing time and costs 
may be reduced by more than 40 per ceat by using the 


formulas. 


T IS quite impossible to decide experimentally whether or 


7 


not the size, or any other factor, has any effect on the endur- 


ance limit, without knowing how accurately this limit has 


been determined. Furthermore, if such a decision is to have any 


significance at the accuracy mus suffi high, in 
proportion to the observed effect. 
This self-evident 


con 


} 
uK 


owing to the | 
curacy, and thus it 
methods, indispensabk 
the | Ny} riments . 
and cost 


The fir 


equatio 


In the 
posed, but so { 
cal basis going pragmati 
the relatior ew t ed stress S 


1 to be 


und f itigue 
pose 
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Scientific 
den 
Discus 
ASME, 2! 
until Apr 
recei 


Nott 


of the Soc 
Division 


) West 


il 10 


Statements and 
understood as individual expressions of 
Manuscript received by 
Noverr ber 


1ety 


1952 


ed after the c 


sing 


12 
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Mai 
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r 
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opinions advanced in papers are to be 


their authors and not those 
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This equation includes the endurance limit E and three other 


parameters A, B, and m, and may also be written 


log A log (N + B 
Denoting 


X = log N, Y = log(S 


takes the form 


Equation [2 


X-curve 


giving 


The slope of the S 


tiating Equation [4] 
dS /dX 
dX 


The 


analytical 


parameters may | 


method 


CRAPHI 


Having 


und b. res 


I 


Denoting partial derivatives b 


indexes as 


OX/ON = Xy, 0Z/O0A Za, 
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ind E, it is necessary 


: Y, = ‘ 
B), Zs i B 


E these parameters Vv 
10 


been substituted for the more accurate value 
1+ be small, we may have approximate 


Vou, %: = En —b Zn 


it follows that 


It n | 
ffect either of t 
lives \ A cor 


1 quantities By differe 


12 


inserting 


Thus any 


values of the 
is four 
more than 


satist\ 


y putting 


1, we find 





i4i4i4t4 
= S 


“NN 


sometimes be better 
ymputing the param- 
from Equation [4 

juantities AZ; 
upposing no scatter 
yportion to the stan 1- 
stopped at this stage 
i\ dispersed over all of the 
tained values of E and B but by 
using the first two Equations 
| ve, the more tedious way of 

s to be taken 
considering Equation 
DERIVATIVES OF THE PARAMETERS 
Es 
the influence of the errors of the experi- : * 
loads S. and the fatigue lives N,, or x, UNCERTAINTY OF CoMPUTED PARAMETER VALUES 


computed values of the parameters a, m, B, ‘ dv demonstrated, 


it is possible to corapute the 





WEIBULL—STATISTICAL DES 


values wit! 
nust not 
which are w 
of observed 
machine 

De noting by S 
where 7 is the numl 


and by £ a value cor 


on the conditions ferences (S S,) and 


are sufficiently small which may be the case, if the numbers n, are 
sufficiently large 
Cramér?® 


The variance for instance 


Let os; and oy; denote the standard deviations of S and X, re- 


spectively, and n. the number of observations at the ith stress 


level: the 


D%XS 


CO; 
or considering | 


dX /dS),*¢ 


If we denote by s? » total variance of X, it follows that 


dX /dS)¢ 


and 


The scatter measured by s depends not only upon the mate- 


rial and the size and shape of the specimens but includes also the 
scatter due to the testing machine 

If S; is a statical load 
The first term of Equation 
placed by the term Es5;? @s;?/n 


there is, of course, no scatter in N, 
29], Ex;?8;?/n, 


whence 


should then be re- 


The standard dev on 8 at a given stress level may be 


computed 


31 


This value is t value and independent of 


the number n, the v of the estimate increases with 
the number « 


From | seen that the scatter in fatigue 


juatior il “ 
first caused by the specimen, its 


ind so forth, the 


lives consists of t 


material, surfa other caused by 


errors in the nominal lo f the testing machine \s these 
the slope 1X /dS of the X S. 


nfluence on X, and as this slope may 


errors have to 
curve in order t 
take values of 2¢ the scattering influence of the machine 
often may be mi greater than anticipated 


For instance, wher d size effect 


which statistically 


depends entire por ( is absolutely necessary to 


two part f ( is the second part does not 


for the 


separate the 


have any influence on t On the contrary, 


Mathe . s of Statistics 

Mather cal Series 180 
?“Statis | Met! by G. W 

Iowa State ¢ re Press, Ames, Iowa 


1946 
I 
Snedecor, fourth « 


1950, pp. 91-92 


OF FATIGUE EXPERIMENTS 


designing ot t 


two parts 
stati 
parts, one depending upon the 
chine 
It is evident that s; is independ 
thus there may exist a unique relatior 
relation has to satisfy the obvious conditior 
imen of the popu 


E,, is the 


finitely single sp« 


18 SOOn 48 On 


fail, Le when S — /} where upper er 
44.5 in Fig. 2 


As ir at | we pu 


somewhere above 
H(S 


log s = log H log(S 


It is apparent that instead of taking s as a function of S, it 


just as possible to take it as a function of \ We then obtain 


the advantage that s is everywhere finite, but its value has to be 


computed from the S V-curves. For this reason it easier to 


use, as a measure of the scatter, the range, whi is identical 


to the difference between the two extreme S urves, the 


numbers n, being equal. The only objection aga this modifi- 


cation is that the standard deviation is much lependent 


upon the extreme values than the range and ! is more 
‘ 


accurate 


Oreriwum Dis trRipuTiOn OF Srectmens Amon “TRESS 


LEVELS 


The foregoing formulas will make it possible 


uncertainty of parameter values, computed from given observa- 
They also may be used to decide how the spe 


order to have the 


tions 


is have 


to be distributed in most favorable 


tween information and costs 
The optimum distribution depends upon the p 


be three cases as follows 
i 4 : 


1 We havea given number of specimens at our dispo 


2 Wehavea given amount of time. 


3 We have a given amount of costs 


In case (1), we start from Equation [29] or [30 
> 
nhumbern = on; 


, SUpPPoOSs 
const. It may be proved that o 


minimum value on the condition that 


ill Fy taken with 


Introducin 


deper 
upon the 


et per 


Introducing 7 
const, the 


with the minimum value 
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og = X(Exst VT = X(Exst-*)/V/n [39] 


The same formulas will apply to other parameters by sub- 
stituting B, a, or m for E. 


Optimum Cuotce or Srress Levers 


Any change of a stress level S; may affect the uncertainty of 
computed parameter values. Accordingly, there will exist an 
optimum combination of stress levels, but this problem is much 
more difficult to solve than in the previous case, since a change of 
S, will have an influence on N, and 8, as well as on all of the coef- 
ficients k 

It may be pointed out that in this case the changing of S, is 
supposed to have no effect on the values of the parameters, which 
have been computed from the observations obtained 

For the 
compute the minimum value by changing successively one stress 


The most influential of 


moment, the most practicable procedure seems to be to 


these stresses is S, as the 


For 


level at a time 
corresponding value of s may be very large when S — E, 
this reason S, gives a very definite minimum 


Pr 


Tests ON ALUMINUM 


TENSILE Faticut 


Autor 758 


APPLICATION OF FORMULAS TO LSATING 


[ests have been run at the Aeronautical Research Institute of 


Sweden on a 10-ton Amsler high-frequency pulsator. Specimens 
were turned from 23-mm bars, supplied by the Svenska Metall- 
ind finished with a sharp tool and light cuts (0.25 mm 

rest section diameter 6 mm, length 20.4 mm 
1 obtained are given in Table 1 from which it may be 
and 


ere is no significant difference between mean XY 


STATICAL TENSILE 


MINIMUM 


rESTS 


STRESS 0 


AND PULSATING 
MATERIAL: 7 


431 0.17 

4.6777 

5. 1630 0.227 
4396 551 

alue 65.7; Max 


number of tests; X 
lifference between 


PUTED 
SSES 5 1 


FROM STATICAL LOAD 
AND 35 KG PER 8Q 


ress level. Standard deviations s, of X 
3 | Standard deviation of X is 
The ratio, range/s, 
The too 
was found to be due 


the 


it the other stress levels (see 


ver cent larger 


or stress levels 53, 47, and 35 
ifter inspection 
the with shortest 


Imen 


given in Table 2 have been computed by 
values of X,, X,, and Xy at S = 67, 
from Table 1. The value of X,, for S = 
vith these parameters, which gave an error AZ = 


nserting 
47 was 
omputed 

0.020. This value is about 50 per cent of corresponding 
The Y —Z-curve for P = 0.50 is 
X-curves for P = 0.04 and 0.96 in Fig. 2 
The coefficients k and derivatives of the parameters with re- 
to S and X 


given in Tables 3, 4, 


Vn and thus insignificant 
shown in Fig. land S 


spect have 


been computed for P = 0.50 and are 


und 5 
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These values make it possible to calculate the uncertainty of 
computed parameter values. Using Equation [30] and values 


from Tables 1, 4, and 5, we have 


0.091 * 0.697)? 4+ 0.175)? + 


x 0.551 


(11.315 
= 12.481 


24 ¢,* = (7.643 &X 


< 0.227)? + (3.673 
whence 


Oe = 1.25 X 0.72 = 0.90 


The reason for the introduction of the coefficient 1.25 is that 
the medians and not the means of X have been used 

It has been possible to obtain the same precision with a smaller 
number of specimens, better distributed on the given stress levels 
0.72 and 


Equation 


From Equation [35] it is easily found that o, E 3,8; + 
em 
Z(Exs 


the optimum 


69 34] leaves 
the 


ng 69 specimens only 


2 numbern = 
15:30:23 In 


»btained b 


5.99] gives 


listribution 1 this way same 


precision of & may be runt 
24 


is distribution basis the cost 
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number of 
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n i that the total 


Swedish Crowns, 
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with 
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nautical Research Institute, it 
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of 


un h anged pre 


f the 


ome down t ) W Y 


by choosing re vo e dist ition « number 
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by f lemon- 
ig Variation in 8 


quite 


TENSILI 


Fic. 2 S-N-Curves ror P = 0.04 anp 0.96 


Al-alloy 758. Pulsating tensile stress 
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COMPUTED &-VALUES FOR / , 35 to 36.4 will about double the value of ¢gy/n, which me 


that the number of specimens has to be quadrupled in order 

have the same o, 
+2.675 

0.000 0. 000 


2 = 1.6182; m 0 5997 


TABLE 4 Ze . ; FOR P 


“e Se 
* ne se M2 
RELATIONSHIP OF STANDARD DeviaTION o, yn AND STRESSES 
S; por Constant S;, Ss, ann S 


Al-alloy 755 Pulsating tensile stress 


Using the values from Tables 4 and 5, it is found that o, 


TABLE 5 COMPUTED VALUES O} mz, mB,. AND Ey FORI 1.23 for S, 36, compared with the value 0.72 for S, = 35. The 
small change from 35 to 36 requires 2.9 times as many tests to 
obtain the same precision ol Bb Probably substantial gains 
would be possible by changing the other stress levels also, but the 
computations are time-absorbing and the use of modern com- 


vuting machines seems desirable 


INFLUENCE OF THE TeSTING MacnIne 
worth while to analyze to what extent the 
er in fatigue lives 
iachine is measured by 
The indication or t , being 
with an accuracy not better thar 
1) stress 1 or a ®Omm specimer 


Der 


from which 
greatly dependent 
bout 40 per cent of t} 
g other stresses unchang : riv f i¢ lif t str 1 35 sused by the test 


As seen from Fig. 4 
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An Electrical Meth 


Journal-Bearing Characteristic 


By D. S. CARTER, 


More than half a century has passed since Osborne 
Reynolds employed hydrodynamic principles to derive his 
well-known differential equation for the pressure distribu- 
tion in a thin film of viscous fluid under shear. During 
that time many ingenious methods have been put forward 
for the solution of Reynolds equation in cases of engineer- 
ing interest. These methods have been found useful in 
the few cases to which they have been applied; but none 
is adaptable to the production, in quantity, of much- 
needed data. Any future program for the preparation of 
a comprehensive set of bearing data will surely be carried 
out with the help of the large, modern, rapid-calculating 
machines. Until these machines become more readily 
available, however, the need will remain for improved 
calculational techniques which require only modest 
financial and material resources. It was with this need 
in mind that the work described in the present paper 


was undertaken. 


SECTION 1 


HE problem under discussion is the solution of Reynolds 
equation for the pressure distribution in the oil film of a 


journal bearing 


) (i P ) Pe. . (v  ) = Gul dh 
or or oy Oy dz 
Here, p is the pressure, h the film thickness, uw the lubricant 
viscosity, U the relative speed of journal and bearing surfaces, 
x the co-ordinate measured along the bearing surface in the 
direction of motion, and y the co-ordinate measured across the 
surface (perpendicular to the direction of motion, see Fig. 1) 
Term h depends on x alone; pu will be taken as constant, although 
the generalization of this method to cases of variable y is easily 
carried out. 
The boundary condition which p must satisfy is one of the 
two types 
Type 1, p vanishes at the edge of the bearing surface, see 
Fig. l(a 
Type 2, p vanishes around a curve of the form shown in 
Fig. 1(b The curved portion of the boundary lies within the 
bearing surface, and is determined by the additional condition 
that Op/dz 0 on the curve. 


lhe work described in this paper was done during the summer 


of 1949, while the author was attached to the Mechanics Department 
Research Laboratories, East Pittsburgh, Pa 


of the Westinghouse 
? Research Assistant, Princeton University 

i by the Applied Mechanics Division and presented 

Meeting, Atlantie City, N. J., November 25-30 


f Tae American Soctety oF Mecuanicat ENGINEERS. 
Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street. New York, N. Y., and will be accepted 
until April 10, 1952, for publication at a later date Discussion re- 
ceived after the closing date will be returned 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Me- 


chanics Division, August 28, 1950 Paper No. 51—A-27. 
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The Type 1 boundary condition is 


resulting pressure distribution has no negat 
the Type 2 condition is to be used when ne 


encountered with the Type 1 condition 
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ILLusTRATION OF Bounpbary Co 


Bearing surface is de 


SECTION ‘ 
Equation 1] may be transforme 
by working the substitution’ 
hi 


bul 


Setting p = 6ulh q in Equation 


074 H 
where 


and dots denote differentiation with respect to z. The advan- 
tage of the substitution Equation [2] is that the derivatives of 


q enter I quation [3] only through the I placian « 


This has the effect that the basi 
solve Equation 3} may be constructe 
than variabk imped nee elements (s¢ 

The boundary conditions for q 
Thus p and q have the same sign 


ring surface 
ng the surface, 


Accordingly, 


4a 


* In case of variable viscosity, the factor 1/, is left out of this sub- 
stitution 
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4B Substituting ito Equation [5], dividing by 


Re 
where B is the linear extent of the bearing arc, and L is the 
bearing length. The lines — = 0, 1, 2, n; andf = —m/2 
9 . ‘ al 
m/2 + 1 , +m/2 form the required network (see Fig. 2). a 


We take m to be an even integer, so that the center line ? = (0 


is included 


d setting g proportional to the new function 


. tre Ts 
+--+ -—-?-?-¢ 
P T NODE 

~ 0¢-+-+-4-4-4+-+-¢-9 
=| $4444 
1-26 ttt3+4 

o123456°7 

é — 


K Drawn on Deve _orep Bearinc SuRFACE 


ording to | quations 


respec 
ring has th ll-known fe 
éecos? 
SE« TION 5 
Line of centers 
When we speak of an approximate solution of Equation [9 
in a set of values which approximate an exact solution at 
he nodes of the work of Fig. 2. Thus, for points on a line 
in the & directior 4 : i plot of the solution would 
Exit end of appear as shown i 
org 


Entrance enc 
of org 





in figure 
nee as measured on line of centers betweer 


eontes If the network is chosen sufficiently fine, i 





sufficiently large, a good approximation to the exact solution 
ilue of @ 
rom line of centers to any po . 


: iree successive points in Fig. 4. If &, & 
n direction of rotation thres : . py ’ . * 


would be obtained by 


lrawing a parabola through each set of 


trance end of bearing to s point on & +1 the abscissas of three such points, and if 4, and 
in direction of rotation " 


respective ites of these points, the equation of 
ne of centers to ‘‘entran¢ 


f bearing 


ing arc = BR 


the correspond 


YURNAL BearninG NOMENCLATURE 


where 


radial clearance Taking the second derivative of Equation [12], we 


find that in 
so far as this approximation is valid, the lue of (0? og? 

eccentricity ratio far 1 iis apy i " alid, value of (0*%u é 
at the center node (£, ¢ 


R = bearing radius - is IJa 


In terms of the bearing are 8 = B/R, it is clear that 
gE . 
4It can be shown by the use of Lagrange’s interpolation formula 
that the equation of a parabola which passes through three successive 
points will have the foregoing form when the distance between each 
point equals unity 
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Exactly the same argument, applied to points along the line node beyond £, to & = & + 1, the true solution might be drawn 
£ = & across the surface, yield the approximate value as in Fig. 6. If we, wo, and uw, are the values of u at &, £, and 


— = Us + Qu 13d) \ 
oc? 
%2 
» » > 
for (0%u)/(Of?) at (£o, fo). Here us and uy are the values of u . 
mn —" i u 
ttr=t landt =f+1, respectively (see Fig. 5). Q 
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_ CONDITION : 
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é—- f=¢ 1, respectively, the parabolic approximation to u near é 
. . has the form “ 
Fic. 5 Inrertor Nope or Bearing Network, ENLARGED ; . 
, ' 
i= uy > U Qiio)z 41 d 16 
Substituting Equations [13] into Equation [9], we obtain a 2 2 
set of algebraic equations, one for eac h interior node of the net- 
work where is the distance measured bach mg the €-axis [rom &3 
rhe minimum point, where (du l 0, occurs for 
m B ) 
? ‘ ls 2u 
nL lu 5 i : 
z= ls 
9 ) 
£5 )u gg = 0 14 me 
Since tl yund i ! ha sl inish at 
The boundary conditions furnish one additional equation for this point e substitu Eau 7 | n ( nd 
boundary node, so that the total number of equations 1 al © ta abt the 
ual to the numb ul owns kor I've l ~ouNndar 
. t { 
0 is 
H s 2 
0 15 
: : SECTION 4 
indary node Boundary conditions of Type 2 are 
4 
Phe curved port yunda I ! proj e alge 
- } 
| ) 0 inknown his cu i I l4 veen t 
t y ‘ uri rk In applying tl ) i 1 ! i 
i } ild t be locate wwhily ethod su aly 
} Choose ar bit id rough nodes ( ] 7 
0 ‘ indar ls } 1 2 
7 l ini | boundary I ¢ The g 
) t end t } ‘ I ( 
uti 1 bye g he be ur } . | 
] | ind 1 rem pr lur ’ 
z pressu ecur The true boundar ut li i 1 y g. 5 i 
lar \ he rica the " : ; 
j hed jure sl } tediou 
1 ; hour Jetermined i 5A the 1 e been know 
, ‘ . rl 3 ind to Dr. R. Bott 
! r ry s ) ire at | t We se Re 
) i nN ing wing chat eTISlcs La ¢ s. f ‘ j g ti 
I } t} is ¢ ‘ ‘ , The pressure i lea 
‘ cm t 4) } } so the er 
o y 0 at , | points tead 
\ | uld 1 be larg } 4 small erro e &4 
} i ym me t undar vould 1 sul 2 ’ A 
hh ) 
1 e error at distant points, where the pres- "Ly ~~ "2 
} ¢ th ult t P 
T 1 s e the hief cor bution to the resultan 2+ + + + ++ 4 : 
, 1 » thn 9 ndar\ 33 FF EE Ro +f 
l tl listribut the »W-pressure regio en if oundal an 0 OW i oP ar ar or eal Aw 
Me 3 : > 
should | | bute Segue gare ~ 
; ir ae ap Se / 
In cases wh t} rguments of the last paragraph are invalid, -20-6-2-o-o-> > z » 4 e300 eo 
: eot23s¢s35 8 
or where a more accurate determination of the boundary 1s a = 
required, the following method may be applied: Consider a line —<——_ ee Fic. 8 Interior Noos 
of nodes in the £-direction, and let & be that node nearest worK Repiacinc GRAPHI- Wits Input CuRRENT AND 


which the true boundary passes. If the solution is carried one caL Network or Fic. 2 Leak Resistor ApDED 











CARTER—AN 


Let there be a wire | ading current into each node of the network 
and let the strength of the current flowing into the center node 
Finally, let there be 
node to “ground” (the point of zero potential), and let the size 
By continuity 


above be J a resistor connecting ear h 
of the resistor connected to the center node be r, 
of charge flow, the algebraic sum of the currents flowing into 
the center node is zero; and we obtain the equation 

: j a 20 


Let Jo for each node be proportional to the last term in Hqua- 


tion [14] for the corresponding point 

Io = Ago), A> 0 2la 
ind let r, be inversely proportional to the coefficient of the third 
term in Equation [14 


] 
ry y =0 [21 
vAS(§ 
where y and A are constants for the network. Let R,; and R; 
have the values 
R 1/yA | 
h n?l By 2ld 
Substitution of | ju ms (21) ito (20) yields an equation 
hich is clearly equivalent to Equation [14] provided net 
propor le to @ 
ve 99) 
lr I D mundary litions, Equations 
15) and [18 rm 
0 23 
; 
na 
. 0 24 
5 2 , 
re ive Equation [2 : imposed simply by grounding 
vundar mle qu 24) might be imposed auto- 
ill vith the use of an electr i e, but a “‘trial-and- 
interpolatior ethod, iz ich the potentials (e.) of nodes 
ust beyond the bound ire adjusted until the expressions in 
| itio 24 nist I vy also be used. The latter method 
applied in the mple to be described 
In some ses t expression H"/H, i.e., the term f is 


SS 
ring edge of the bearing, and 
the ar * requires negativ eak resistances rz 
be obtained tronic means, or by increasing the cur- 
nts J, by the amounts that would flow in through the negative 
following manner: Set up the 
those 


infinite resistance 


reuit at all nodes as shown in Fig. 8 except at where 


illed ior Use no leak 
Determine the 
amounts of current which would have flowed 


Add this 
the currents to these 


negative 


at thes¢ 





points potentials of these nodes, 


and calculate the 


n from ground if negative resistors had been used 


to the currents J) for these points, reset 


new and repeat the process until a point is reached 
The poten- 


tials will then be the same as those if negative resistors had been 


values, 
when the current to be added becomes negligible. 
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17 


tests show this converges 


used. Preliminary that 
rapidly so that two or three trials should be sufficient 


prycess 
A simplifying feature arises from the symmetry of the pres- 


sure distribution about the center line of the bearing surface 
In the network previously described, the potential at each node 


Hence 


no change would occur if the network were folded about the 


is ¢ qual to that of its image node across the center line 


center line, until opposite pairs of nodes were brought in contact. 
Accordingly, the original network is equivalent to one of half 
its size. In the network, the 
are the same as those in the “old” network only 


new” resistances 2,, rz, and 
the currents / 
slong the line of nodes which corresponds to the center line. All 
other resistances have half their old values, and all other 


new currents have twice their old values. 


new 


Section 5 


In order to illustrate the electrical method, an initial test was 
carried out for a case requiring the application of Type 2 boundary 
and leak 


Since only a few accurate resistors were available when the test 


conditions, the simulation of negative resistance 
was made, the bearing length was taken to be infinite; for then 
flows 


replaced by a single 


the pressures do not vary across the bearing, no current 


across the network, and the network may b 
line of resistors 

180-deg bearing (9 180 deg 
43°14’. The 
bearing arc was divided into eight segments 
represented by 1000 © wire- 


1000 ©) the values A 


was the 
0.5, and 0, = 


hosen 


The ex LIT} le 


with eccentricity € number n 


so the 


8 was chosen 


i rather coarse network eight 


vound resistors. Having chosen R, = 








10~*, ¥ 1 were found suitable The currents J, were furnished 
from a 135-volt battery, through regulating resistances of the order 
of 1 megohm rhe large ratio of regulating resistance to net 
work resistance was used in order that the currents J) would be 
insensitive to network potentials, Fig. 9 shows the basic cir 
cuit tor each interior node 
<4 
{ Fit (rine adustor) 
L@or ? 
resistors e € 
210 Coor eor s*or) 
Ss 3 
10” (Network res 
Wir 
“wn 
{ <s P ® resistonce) 
X08 rom usto 
wrrent ? 
supply 
a 4 me currer’ v) ”) 
| 
\ _ 
; ot supply battery 
I 9 Basie Circurr ror Eacn Iyrernton Nope or Inrinire 
Bearinc Network 
rhe current settings, leak-resistance settings, and potential 
readings were all made with a portable potentiometer, using 4 
special switching circuit 
The preliminary calculations are shown in Tables 1 and 2 
According to Table 2, the first leak resistance is negative This 
effect was achieved by the method mentioned in section 4 
Only two trials were necessary before the final current setting 


later adjust- 
the opposite end when the Type 2 
The 


section 4 was used to apply the boundary condition 


was obtained; and this setting was not affected b 
ment of the potential at 
mentioned in 


boundary condition was applied. method 


The network potentials, converted into pressure readings in 
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Design Data 


and Methods 





It is important that the data contained in technical papers be made readily available to designing engi- 


neers. 


In order to satisfy these needs of industry, this section of the Journal includes a concise presentation 


of data and information drawn chiefly from papers previously published by the Applied Mechanics Division 


of The American Society of Mechanical Engineers. 





The Calculation of Rectangular Bar 


Helical 


Springs 


By A. M. WAHL,'! EAST PITTSBURGH, PA. 


Formulas and charts are given for calculating deflection 
and stress in helical compression or tension springs of rec- 
tangular cross section taking curvature effects into ac- 
count. Such curvature effects are of importance particu- 
larly in small index springs in calculating stress (where 
fatigue is involved) and calculating deflections for 
springs coiled flat wise. 


in 


ELICAI 


sometimes used for 


springs of square or rectang ilar bar section are 
ases where a large amount of energy 
stored within Particularly if the 


must be i given space 


spring is coiled flatwise (Fig. 1) it is clear that a larger amount of 
material may be provided within a given outside diameter and 
compressed length than if a circular section were used, Conse- 
quently, other things being equal, a larger amount of energy 
‘e for such a design than would 

Although theo- 
have as fay 


round bat 


may be stored within a given sp: 


be the case if a circular bar section were used 


retically the rectangular bar section does not orable 


s the tion, for 


id- 


local yielding of the 


stress distribution as do 


an elastic 


static loading or loads repeated only a few times, this di 


is of no pa t cul 


vantage i importance since 


most highly stressed portions can occur without affecting the 


performance of the spring appreciably or the capacity for storing 
However, where repeated loading of the 


energ’ fatigue or 


spring is present, this nonuniformity of stress distribution will be 
a disadvantage 

In general, when bar stock of rectangular section is coiled to a 
helical 


Fig. 2 The formulas given herein, however 


form, a keystone shape of cross section finally results 


are based on the 
assumption of a true square or rectangular shape. It is believed 
that these 


purposes, 


formulas are sufficiently accurate for most practical 


In contrast to the round wire helical compression or tension 


spring where « vature Tects can be neglected in calculating 


defles 


helic 


particularly important for small index 


Fig. 1 


» errors of 15 per ce 


tions, su 


] springs coiled flatwise In such cases, neglecting 


curvature may resu nt or more. To facili- 
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Keystone 
Wire 


SHAPE ASSUMED 


ATWISE SQuaRe ArTer ColLine 


tate the calculation in such cases the charts given herein may 
be used 
The formulas given also neglect the effects of pitch angle which 


are small for most pra¢tical springs. For taking such effects into 


account, the reader is referred to other published works 


Srress FoRMULAS 
Where 


stress S, 


a) Uncorrected Stress static loads are involved, the 


sd-called “uncorrected which neglects effects of bar 


ifford a 
does 
ount, 


curvature and direct shear) is generally considered to 


better indication of load-carrying ability of the spring than 


takes 


ted stress is calculated from elastic theor 


the “corrected” stress which these factors 


The 


suming the spring to behave essentially 


into 4 
uncorres 
as 4 prismati 
ted on by a torsion mx 


1, the 


rectangular cross section ac 


a spring coiled flatwise as in Fig uncorrected s 


PD 


kab* 


In this case, P = load, a = long side, b = short side, D mean 


Mechanical Springs,” by A. M. Wahl, The Penton Publishing 
Cleveland, Ohio, 1944 
Zy lindrischer 


deutscher Ingenieure 


{ ” pany 
Berechnung 
Zeitschrift des 


correction, p 


Schraubenfederr ) », Géhner, 


Vereines vol. 76, 1932, pp. 269 
352 5 
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diameter, k = a factor depending upon the ratio (long side) 
(short side) = 2/4 and which may be taken from Table 1. 
. 
TABLE 1 SPRING DATA b 
1 b 
Ratio ee k c t 
10 0.416 
1.2 0. 438 
1.3 0.462 : 
2 0.492 
2.5 0.516 
sf 0. 534 
0. 582 
0 624 
0 666 
For a square bar section the formula becomes a 
2.4 PD 
= 2 
a 
It should be noted that for a keystone section as in Fig. 2 an 7 
iverage length of side should be used, i.e., average of sides 4,, 6 4 
. A 
a (Fig. 2) should be used for a in Equation {2 
. The uncorrected stress for the case shown in Fig. 3 where the 
- - 
long side of the bar section is parallel to the spring axis (a b) is |P 
) Fic.3 Hericar Spring Wira Lone 8 w Bar Paratvcer With 
PD 
= a b ; AXIS 
kha2 
In this case the ratio b/a is to be used to obtain the value of k from ing formula due to Liesecke'! mav be used r yrrected stres 
Table 1 S,‘is 
bh) Corrected Stres This stress takes into account both PD 
effects of direct shear and bar curvature and should be used for » ! 
ilculating stress range where the spring is subjected to fatigue or \ 
repe ated loading where 6 is a factor taken mm the chart in Fig. 4 for the given 
For the spring coiled with the long side parallel to the spring value of a/b or b/a and of the index D/a It should be noted 
axis (Fig. 3) the maximum corrected stress occurs at a localized that for the spring coiled flatwise (Fig. 1) a used | 
- region near the inside of the coil at the middle of the long side spring in Fig. 3, / is used 
4 However, for a spring coiled flatwise (Fig. 1) the maximum For square r springs (wt ! 1) the corre t 
: stress may occur either at the inside of the coil or at some point given by 
on the long sides Hence the calculation of corrected stress in 
: : ‘“Berechnut indrischer Schraubenfedern mit rechtechig 
rectangular bar springs is, in general, more complicated than that Drahtquerscht aS a 2 | A 
‘ round bar springs lo simplify this calculation, the follow- — Jngenieure 77. 1933, pp. 425-424 
—_—,, 
| mw RRee ‘ 
= ~ Ree we - -* ~s 
as oe weet aS : 
li} 5 2 — 
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} . ‘ ae to4 — 
t td. y ————, L— @ a —— 
2 le g = < 
a- a 4 < ff 
; Z7} a4 
Aff 
A—+pz 
/ 4774 
a Ep ff fai 
K-  f$ f SfA 
4 SA STE) 4 


Y Af x 
rf gg ddd 
SY php AS 36% 
AY fee \ 5 
tyr ‘ ‘4 3.4; 
tYo + 
vi 


| 
\ 
\e 











++ 3.0 

2.8 

+ 2.6 

> 4 

8 3.2 3640 $.0 


Fic. 4 Curves ror Finpinc Stress Factor 6 ror CaLcuLaTING CORRECTED STRESS IN 
RecTANGULAR Bar Sprinos 


Base 


on charts by Liesecke, footnote 4 
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A curve of AK’ versus index c is given in Fig. 5. Ineidentally, this 
curve gives slightly lower values than the corresponding curve 


where S, = uncorrected stress for square bar springs (Equation 
, 1 pring 1 for round bar springs.® 


2}) and K’ is a stress-multiplication factor, depending upon 
spring index c = D/a Dercection Formunas 


The deflections of rectangular bar springs are frequently caleu- 


Footnote 2, p. 37 


MULTIPLICATION FACTOR KH’ 
ORRECTION FA 


RATE C 


TRE 


« 














Fic. 5 Srress M 





AXIS OF SPRING 


CONSTANT Y 











36 32 286 24, 2k 
RATIO & 


URVES FOR Finpinc Dervection Factor y ror CaLcuLATING RecTaNncucar Bak Sexiness 


Based on charts by Liesecke, footnote 6 
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lated in inner by assuming the spring to ssentially 


ment PD/2 


glects the effects of bar 


wt € 
However 
ind direct 


is much as 


like ar var under a torsion m 


since oO 
shear ) leulated de 


15 pe 


urvature 


flections mav be 


in error oy 


ticularly for springs d flatwise and hav- 


cok 


Ing sl i ratios a/b over 2 To take urvature effects 


intoa lection 0 may be calculat rom the following 


formu 


and 


ratio 


number of active coils, G modulus of rigidity 
the 
chart in Fig 


Note that if the 


tor depending on the spring index and on 
The 


d on 


factor ¥ 
that 


the ratio a 


may be taken from the 


6 which is base given by | 1eSCC Ke 
right side of chart) 
Inter- 


may be 


spring is coiled flat wise b is used 


while if coiled lengthwise the ratio 6/a is taken (left side 


polation for intermediate values of the spring index « 


carried out with enough accuracy for most purposes 





Briet Notes 


On the recommendations of the Executive Committee 
of the ASME Applied Mechanics Division, it 


decided to initiate a section devoted to brief 


has been 
notes on 
These notes must not be 


about 2! 


technical matters in mechanics. 
longer than 750 words double-spaced type- 
written pages, including figures) and will be subject to the 
After ap- 
proval such notes will be published in the next issue of 
the Journal. The notes should submitted to 
Secretary of the ASME Applied Mechanics Division. 


usual review procedure prior to publication. 


be the 


Bending of Honeycombs 
and of Perforated Plates 


By G 


\ HONEYCOMB 
¥ ingular | 


HORVAY,' SCHENECTADY, N. Y 


structure, or a perforated sheet of tri- 


layout with long, slender ligaments can be treated 


ling isotropic solid plate of effective 


l 
Gh/R 
: ratio and Young’s modulus for bend- 
G,, th 


2h, 2) 


modulus for axial shear; 
H denote the hole 
, and 


ti hing 
moduli spac- 


ipan ) Ator 
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springs coiled flatwise 


For 
, 


may be calculated by 


where do is the deflection caleuls 


the bar 
rhe f 


the 


section to be in torsion 


actor C, (Fig. 7) is a rate-corre 


on index ¢ and on the rat 


Values 


4] 


io a/b 


given are based on formulas 


ection 0» for a spring coiled flat wise 


the 
from Table 1 


Further discussion of the calculation of « 


where tactor ¢ 


depends on the ratio a 


flections in square or rectangular bar he 


sion springs is given elsewhere 


is the ratio of torsional rigidit 
El of a ligament.? 

I. Malkin, who first considered the proble ietermining 
’ ted sheet 
} 


npared 


“,, E, in an important paper,*® represente 


by an array of 


hexagons, as indi 


the (bending and torsional) energy 


in Fig. 2 (expressed in terms of curvatures 
ing expression for plates. Due to an un 
lerivations, Malkin ol 
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= 2RM, 3] These series satisfy equilibrium and continuity conditions of 


two-dimensional el: vy theorv and the boundary conditions 
° » r 


d bottom surtaces, z 7 i 


moments ,/2 each, of wh 
em ry mor it. The : 

ta bending momer They nd conditions ¢ . satisfied approxim — 

f beams 01, 12 of amount Wav as in elementary beam theory more exact satisfaction 

{ be achieved by superposition of self-balancing load systems 

the ends A fe ) solutions for such loads could be de- 


veloped for this pur these would be local and hence sub- 


stantially independen beam length as long as this exceeded 
the depth 


The first terms in o, and 7,, represent elementary beam theory; 


the next terms in a, and ¢,, involving )) and S, have been sug- 


by Seewald The first term in o, and in 7,, and the first 


gested | , 


two in @, together co j 1 good approximate for the 


omplet load svste other terms give 


ind bottom 


onditions 

third su bseque { " " founc 
Displacements be found fron 
umes _>= . . 
. d ve of the midd riace is giver ‘ 3M /2c3 
5p) D/20 ‘ lane stress (for plane strain sub- 
u*) and w/{] — pw) for F and p 

| 


ion of course applies directly only when there 
‘ in D, S, and their derivatives. However, if 

Bending ot R ec tangular Beams there are discontinuities the solution can be applied as usual to all 
sections except those where the discontinuities lie; then it can be 


H. DONNELL,' CHICAGO, ILI shown that I 


t each type of discontinuity produces a characteristic 


’ of stresses and displacements which can be 


lar beam with 
m the toy 


surfs nitude of the discontinuity, multiplied by 
Kpresse d on the foregoing solution 


nt ‘ The most serio lisco ity is that caused 


4 con- 
moment centrated load ut md alone at a certain section, D 
iS vould be zero yt] ctions and the present solution 

would giv I is the elementary solution See- 


wald le ined th rat stic local distribution for this 


case, between the exact and elementary 
solutions. Similar k 1 distributions for unit discontinuities 
magnitude, slope, and so forth of distributed load could be 
veloped; they would be much less i t Separate 
distributions would not have to be developed for discontinuities 
occurring near an end of the beam (except perhaps for a con- 
centrated load at the end, involving a singular point on the end 
Illinois Institu f Tex cross section The local distributions for discontinuities merely 
, should be added before satisfying the beam end conditions; the 
aper should be addressed Secretary 
Street, New York, N. Y., and will be accepted 


for publication at a later date. Discussion re- not make this any more difficult 


presence of some added stresses on the end cross sections would 
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A Photoelastic Re-Examination of theoretical solution. Values of & wer 
7 Tr ° different ratios of r/d within the range of 
Notched Tension Bars 


By M. M. FROCHT,' R. GUERNSEY, JR.,? 
and D, LANDSBERG? 


N 1937 Neuber‘ published factors of stress concentration 

for tension bars with semicircular grooves based on 
an interpolation between limiting theoretical values. In 1947 
Chih-Bing Ling® published similar factors based on a purely 
theoretical solution. In 1948, R. E. Peterson* pointed out 
that Chih-Bing Ling’s results differed substantially from the 
ivailable photoelastic data However, Ling considered the 
experimental evidence inconclusive 

We have recently re-examined this problem photoelastically 
employing the latest refinements of technique.’ In order to 
demonstrate the accuracy of the latest photoelastic results, 
factors of stress concentration were determined for a tension 
bar having a central circular hole, for which Howland? gives a 
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Discussion 


Stability of Flow in a Rocket Motor’ 


tecently D. F. and D. R. Friant 
analyzed the chugging of liquid-fuel rocket motors.' In the 
The 


if and only if none of the roots 


5S. SHERMAN.? Gunder 


bipropellant case, their analysis results in the following: 


rocket motor is stable (chug-free 
ot 


WV d S: + 7T)=0 l 
W,N 


paper 


has positive re parts where S, and 7 are positive roc ket 
For simplicity the border- 
roots is ig- 


’ Equation 


parameters defined in the 


line es where Equation [1] has pure 


with the 


Imaginary 


nored. Equation [1] is i il suthors 
28) 
The locations of the roots of equations such as Equation [1 
i i 


have been studied in references (1, 2, 3, 4, 5 ind particularly 
in connection with the stability of dynamical systems with time 
method for stability calculations in these 
2). The method given 
there as well as the method given in reference (5 has the ad- 
method given in the paper in that the full 


need not be plotted but merely the intersection 


lag. An efficien 
ceases has been given in references (1, 
vantage ove the 
Nyquist diagram 
of the diagram with certain simple critical contours must be 
yntours in references (1, 2) have the advantage 
is they lead to very 


computed. The 


over the ntours of reference (5) in so far 


the solution of a quadratic equation 


simple calculations such as 
with 

angles. While the purpose of this discussion is to show 
the methods of 1 2 


lerences a 
of the roots of E 


real coefficients and the determination of a small number of 
how 
ean be applied to the location 
juation |1 
ok eS 


sbout the sign of the real 


the method can be applied to the 
~Rz*? + S: + T) = 0, where no 
coefficients 


roots ot 

assumption need be mace 

M,N, R,S,7 
Because of the issumptions on VW and _\, the roots of Equation 


{1 have positive re aly arts if and only if the roots of 
0 
have positive re pplving the Cauchy-Nyquist method 


that 


curve, 


ot ferences none of the roots has positive 


defined by 
Sp + T)e-* 
p?+ Mp +A 


as p traverse he Imaginary axis from © to io, encloses 


the point 1 + Ot, zero times (measured algebr tically If we 


is no longer a monotone functior 


1,2 It con- 


let p = 1a tor real a, arg lia 


for positive @ unlike the situation in references 


—- 0 


seek first 


tinues to be true that as @ — o, flia 


and (2), we to determine 


yields 


ferences (1 


1 whict 


Following r 
when f(ia 


2N)? + 4(T? 


{4] 

By D. F. Gunder and D. R. Friant, published in the September 

1950, issue of the Journat or Apptiep Mecuanics, Trans. ASME 

vol. 72, pp. 327 3 

? Staff Engineer. Lockheed Aircraft Corporation, Burbank, Calif 

* Numbers in parentheses refer to the Bibliography at the end of 
this discussion 


We thus get four roots for a (counting multiple roots multiply 
f(ia) l 
1,0). In 


If all of these are not real then for all real a, 
and the graph of f(ia) for real a does not encircle 
this case we have a stable system. 

If some of the roots are real, arrange them in descending size. 
Let the largest a be 7 Further, count multiple roots the ap- 
propriate multiple number of times. For convenience of nota- 
if there 
is a sequence -_ >= a and 
real could be included in the subsequent 
inalyses by letting y: = Y2 = Y3 = Ys = 

a> ¥:, and ¥2 , we have |f(ia 
tour does not encircle —1 In the intervals y; > @ > ¥ 
a> Ys we > | 
number of integer values of n such that 


tion, are less than 4 rea} roots, repeat the last root until 


there the case where 
there are no roots 
In the intervals 
>a > 1 and the con- 
have Jura 


Let N 
lyr > arg f(iy,) 5 


number of 


a clock 


+ Ny; gives the ne 
rcles l Oi) in 


From the foregoing definition Ny 


times the appropriate contour en 
wise direction. 


Theorem The system is stable if and only if 


Nie + N Vu +Ne =0 


This means that the curve does not encirek 1 + O 
Note that if either A >? or A > 


necessarily unstable The 


2 then the system is 


situation differs from the reference 


as theoretically one “unstable” interval 


a possibly stabilizing interval (7a, Y« 
as the N 


tN i 


1) and (2 


saved | 


Yi, Ye) may be 


so that both intervals have to be considered as wel 


terms, while, in the reference (1, 2) cases, the existence of on 


implies that the system is un 


1, 2) cases the A 


unstable interval immediately 


stable Thus in the reference terms need 


not be introduced 


The foregoing vields sufficient conditions for stability such as 


if M? S 
or (b) if (M? 


then the system is stable 

After the written 
submitted for publication, the had th 
mper® Dy H I Ansoll T} 


discussion 


current discussion Was before it was 


writer poortunity to 


read a discussion of the discussion 


proceeds in the spirit of the current and derives 


1 sufficient condition for stability” of a bipropellant rocket 


current discussion derives a “necessary and 


By the metl 


stabilit 


motor, whereas the 


sufficient conditior xls of the current discussion 
the sufficient condition for of a monopropellant rocket 


motor derived in Ansoff's discussion can be weakened to give a 
owing \ 


>Ho 


which is the fo 


if B 


necessarv and sufficient conditior 


monoprope llant system is stable if and only 


V 


H? 
Vv RB 


with H > B. The 


critical equalit 
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B* + arc tan = 7 
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‘ when a trivial typographical 
There is 
of the paper 


implies Equation [12] of the paper 


error is corrected in the latter also a typographi- 


eal error in Equation [18 
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Sinusoidal Torsional Buckling of Bars 
of Angle Section Under Bending 
Loads, as a Problem of 
Plate Theory’ 


P. P. Biucaarp.? The the author 


between his calculations from plate theory and from bar theory 


discrepancies found by 
theory of torsional and flexural buckling) must be due to incor- 
rect assumptions, In 1939 the writer derived the exact buckling 
condition for an angle with equal legs subjected to pure compres 
sion according to the plate theory He took account of the fact 
that the intersection line of the middle planes of the flanges does 
It is 4 special case of the writer’s theory on 
Later he dis- 
I nglish paper 


not remain straight 
the elastic and plastic stability of plate assemblies.‘ 
cussed the buckling condition of an angle in ar 
The results differ only 0.5 per cent from those of the theory of 
torsional and flexural buckling 

Dis 


oceur 


repancies between a calculation from plate and bar theory 


one of the plates is significantly rotationally re- 


strained by the other(s) so that its cross section will bend, which 


distortion is not taken into account in the formulas for torsional 


This occurs, for example, with the web of 


For the 


re derived by the 


and flexural buckling 


i T-section with a relatively rigid flange latter case 


ess We 


simple explicit formulas for the critical str 


method of split rigid 


plate theory, it 
is that in Equation 


0. Actually for 
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y = 0 the “buckling” leg is supported elastical| the other leg 


The latter is bent in its own plane by the 


Hence, one 


pressures exe ted on it 


the ynditions 


by the buckling leg and vice versa 
fory = Oisnotw = 0 but’ 

O*w O*u 
Ort 


El 
dys 


the torsional buckling of the 


gravity of the angle displaces in the direction 0 


Since by 


inertia, the angle will bend about its major 
neutral plane in bending comprises the interse 
middle planes of the flanges. Hence in the foregoing boun 
condition the moment of inertia J of the suppor i 
ve taken about its upper boundary and / 
are the thickness and width of a flange 

The foregoing explains the discrepan 
The 


large @ 


(small @ writer appreciates the 


columns the discrepancy 


sumption that the warping constant I 


G. Herrmann.® In this paper the 


presented an important contribution in the 


bility, combining in his method of attack exa ipproxima 
procedures and having succeeded in determinin t buckling 


that co i i. ih 
ruide 


obtain 


to limit 


values for such 1 complic ited case as 
ing approximate load factors, which were use 
the amount of calculation needed for the ex ilues, the 
wuthor should be aware of the fac that i 

leigh-Ritz method, the deflection function ha 
conditions,”” bt 


Muct 


so-called “artificial boundary 


any natural boundary conditions 


tation work would have been saved in 
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tion Equation {1} of this discussion, 


vields a short formula for ipproximate 
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ormula for k,, in comparison with the 
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of auxilia u oO ! ilmost a printed page, is striking 
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In Fig 


is plotted versus 7 1, for 
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so-called dynamic stress-strain relationship, which he assumes 


can be expressed as follows 


Experiments whict 


function” @ (t) the use of 
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gt) = > 4,e- 
=1 
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Making use of the first two of these functions @, the author cal- 
culated (in the previous paper) the 


tion factor versus frequency ratio) for a vibrating system having 


curves (magnifica- 


response 
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motion 
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f fluid mechanics in engi 
fundamental! 


S THE ipphication O1 the science ¢ 


neering problems in recent years requires more 


is Inste the engineer working in this 


irical rules, 
that 


ud of ¢ mp 


field becomes keenly aware an elementary course in fluid 


chanics is often not enough for him to handle his problems 


rstanding of the effects 
three- 


Many problems nowadays require an unde 


to compressibility or viscosity; and often a two- or 


due 


flow analysis is necessars Such topies are only 


ed at all, in a first-year course in fluid 


dimensional 


briefly treated, if treat 


mechanics rhere is a continuous demand, therefore, for a book 


that will lead tl 
vanced topics in fluid mechanics, while 


e engineer to an underst inding of the more ad 
it the same time not 
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over- 
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author's earlier boo 
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number 


increasing rel 
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tcompetent t acher the book should 


nstructive, su very rge 


Ampk 


us 


awn and expla 
Although the 
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ted in a fi 
course 


00K gives 


ewhat 


rraduate 


it appears to be too sketch 
While there is 
ind forceful language whicl 


both 


I g important 


Binder so 


aes ot 
Pre 


wonders 


thers much to be said 


cts in simple 


ellently does in of his books, one if it is not 


f advanced level, to present also the 


roper, especially in a book o 
For exan ple, u the 


chinery 


f certain topics 


more complex aspects o 


topic of radial equilibrium in axial-flow turbor is 


ivoid the issue of departures 


treated at all then one should hardly 





BOOK 


of the tangential a1 ial velocities the irrotational flow 


pattern, 
This book is divid to sixteen ¢ 
the b 


hapters Chapter 1 groups 


together asic inology and equations. The latter 


momentun 


Chapter 2 


cludes equations of continuity, 


expressed In one-ilmMetisiw 
dimensional essen 


compressi 


covering 
ot the 


ground as given in cl author’s earli Fluid 
Mechanic s,’ 


the effect of ¢ ressibilit lift 


ion Of & qualitative al son on 
rivet but 


Meyer 
with 


nd drag { 


lucid introduction versonic flow along Prandt] 


flow Chapter s one-dimensional! compressible tlow 


Here 


flow wit! ri 


riction and heat t gain the part dealing with iso- 


thermal flow ar the 


same as given i pter 13 of the 


the general 
Chapter 4 treats and tur 


the 


topic more comple youndary 


bulence, with strong phasis on the physic uspect of prob- 


lem 
Chapters 5 to with fluid machiner Chapter 5 intro- 
the 


various nondimensional 


duces general rbomachinery, such as energy 


e yuation, the iwram, and the 
lysis of performance An in 
the 


s stated that if no torque is applied the 


murameters used in t in wecuracy 


worth mention irs i of the free-vortex type of 


proo 


flow On page 


ingular momentul does not inge with respect to time, or 


= ( where gq is the velocity and F is the radius. From this 


one can only conclude that Rg is const V ect to t 


that Rg 


One cannot conclude this alone, : 


is constant along the radius 


Chapters 6 to 10 treat various kinds of fluid machinery, inelud- 


ing axial and centrifugal fans, pumps and compressors, turbines, 


jet ind fluid couplings and 


compressors an jt 
Ampk 


should prove to be both valuable and stimulating to the students 


t pumps, torque 


converters llustrations showing contemporary practice 


Chapter 11 on unsteady one-dimensional flows is a unique fea- 


i book or 
the 


ture of this book 
fluid 


dimensional wave ¢ 


is this subject is se ldom covered in 


mechanics In connection with the solution of one- 


itor some mathematical tools such as 


ju 


complex numbers and Fourier series are introduced in a nonrigor- 


ous but convincing manner 


Chapter 12 develops the classical equation of continuity and 


momentum, Chapter 13 treats steady two-dimensional incom- 
The 
very much the same as given in chapter 19 of the 
book. with the 


locity potential and 


pressible flow material covered in these two chapters is 
suthor’s earlier 
However, addition of stream function to the ve- 
the brief introduction of complex variables, a 
lassical hydrodynamics is achieved than in 
the earlier book In « 
the Prandt]-Glauert 


tions are explained in a m 


deeper insight into 
h ipter 14 on two-dimensional compressible 
and the 


nner that can be readily understood by 


flows, Karman-Tsien approxima- 
Chapter 15 derives the Navier-Stokes 
It 


etween these equations 


undergraduate students 


equations, but gives no applications after they are derived. 


would be more natural if t ronnection | 


and the boundary-layer theory of chapter 4 were explained, at 


least to a limited degree. The last chapter, or chapter 16, pre- 


sents the fundamentals of vector analysis and the continuity and 


momentum equation in vector form Although the subject is 


ably presented, one doubts if the average student without previous 


training in vector analysis can understand this material given in 


the short space of eight pages. 


On the whole, Professor Binder's book has achieved the objec- 


tive as stated in its preface, namely, that of bridging the gap be- 


tween the first treatment of fluid mechanics and the advanced 


i] in current literature 
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A final cl 
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that presents the theory 
act 
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wuthor has his own style in the presentation of thermo 
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flow 
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example general energy equation for steady) 


matter so long as the fas 
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the kinetic gravit 
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this book 


introduced as result of kinetic work gravi- 
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thermodynamu 


displacement work 
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sleight-of-hand that so 


tational work ur ex- 


ternal work to get total work roach is 
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purpose of 


probably to avoid 


many books use to go from the first-law system of fixed identity to 
the control surface for steady flow 


In Professor Hall’s presentation of the second law of thermo- 
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dynamics entropy « s are 


ternal” p thus reducing the need to make algebraic state- 
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I) is concept ol the dual nature of « ntropy 
ed 


nce 


ments as Inequalities 


change is ther t various places later in the text to 


analyze the periormu of fluid-flow processes, 
fluids 
and constant-density fluids. Per- 


, but other 


A careful distinction is made between incompressible 


(density unaffected by pressure 
are treated with the importance they deserve 


fect gases 
fluids are dealt with also, and a proper balance of emphasis is pre- 
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second- 
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ind so on, when applied to 


The principles of continuity, energy, momentum 
law requirements, equations of state, 


various flow conditior d to various fluids, inevital 
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mships among the properties Thus the reader 
ve hundred numbered equations in the course of 
nan f course, being algebraic steps to an end result 
n two hundred of these equations are emphasized by a 
As each deve lopme nt proceeds, the author is always 
explain the restrictions and assumptions which apply 
useful tables 


ed throughout the text, there are many 


nbodving recent information 


book should be in the library of 
ker in the field of fluid flow. It 


nt new every 
is suitable as a text 
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students with a proper background in thermodynamics 
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the author, this book is intended primarily as 
ind senior undergraduate courses in jet 


powel It seems well suited for this purpose A gener- 


ous number of photographs, illustrations, and sample problems 


led which aids in giving purpose to the underlying prin- 
nding the 


theories pres¢ nted The need for underst 


presented is emphasized to the student by showing 
tion throughout the book 

wy chapter provides general engine descriptions 

the approximate application il spectrum for the 


p, ramye ind rocket. The next five chapters 
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ind application of Newton’s third law 
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ve useful gas-turbine performance parameters 
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pt of dimensional analvsis 
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sic fundamentals is presented in a clear and 


ough eleven deal with the principal gas- 
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disks, long cylinders, and spheres when variable temperatures are 
udded to cover topics on plane 


their 


present. New sections have beet 


strain and rotation components, strain-gage rosettes and 
graphical reduction, shear lag in box beams, the reciprocal theorem 
and center of twist, and the 
“pp 
finite 


of Betti, shear center ipproximate 
ndix gives a@ satis- 
1 the 
Ree- 


considered and block 


character of plane-stress solutions. The 


factory introduction to the method of differences anc 


application of the relaxation method of solving them 


tangular, triangular, and hexagonal nets ar 


Examples include torsion of the 
I 
| 


or group relaxations illustrated 


square section, hollow square section, equilateral-triangle section, 


triable diametet 


and circular shafts of v 
iuthors made no changes 


i general revision the 


In making such 


in the notation, retaining the stress: notations o,,0 


co-ordinates and (€,, 


Yeu Yue Yer) for strains, and v for sratio. Wh 
9) 


they avoid the tensor notation 7,; and e,;? The factor 2 prevents 


ingular 


Vue, Ve lor stresses in ret 


should 


Poissor 


one from writing the form of the laws of stress and 


composite 


transformation, and also the compatibility miditions 


One may also 


strain 
limensional 
This 


train-energy 


nquire whether the general three- 


theory should be postponed until chapter 8 on page 213 


might imply that to the average student reade 


methods, photoelastic methods, and all plane-stress problems in- 


methods of general curvilinear co-ordinates 


cluding the heavier 


are more important in his case than tl hree-dimensional theory 


1 one-semester course is 


It is the reviewer's opinion th 


available to the engineering graduate student he should have 


some knowledge of the three nensiona! analysis. No mention 


is made of finite strain theory where one ine lye s quacdrat 
In spac e derivatives of the displac ement vector 
text is commendable. There are many fig- 


der Phe sels 


The format of the 


ures to assist the re ted problems are a challenge 


o be complimented in their re 


to the student ‘he authors are 


vision 
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Philip G. Hodge, Jr. Johr ile) Ine 
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and subject index, $5.50 
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"T’HIS book forms one of the 


Wiley Applied 


Ss. Sokolnikofi 


itics 


Series under the editorship of I 


clusively with xhibit no strair 
hardening, and f thi son mar engineers mav feel that its 


application to ring problems is « netly limited 
The utility, ho 


with no strain hardeni 


engine 
f solutions | ol leu ! col 


ditions 


mized, since they frequent! 


general flow problem 
design of structura 
As the 
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stress-strain rate relation impl usses 


plastic torsion, plane solutions of walled tube 
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Cambridge 


specific problems such as notched bars in tension and hollow 


square prisms under internal pressure, Cartesian tensors and ex- 
tremum principles for the Mises and Prandtl-Reuss theories. At 
the end of each chapter a collection of suggested problems is in- 
cluded together with a bibliography for further stud) 


In general, the book is well-written, i shows evidence 


lucid, ar 
of much thought having been given to the organization of subject 
growing 


features will 


matter It will be a weleome addition to the rapidly 


number of books in the field of plasticity. Certai 
ips undue 


d theo- 


be cuiticized engineers For a book of its size 


attention has been focused upon mathematica oofs at 
exclusion of concrete problems powerful, 


Hen ive 


ignored entirely save for two suggested probler the 


rems to the 


simple, and useful stress-strain relations of been 
end of 


chapters 1 and 3. The bibliographies appear somewhat 
incomplete and in the text too much is often left t e reader to 


fill in 


cussions 


On the other hand, this book contains o1 best dis- 


f limit analysis which has come to the 


thor 
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Structure (6 


Metals 


Distortion on 


TH! chapter titles are (1 
2) The Structure of 
Structure 4) The Effect of 
5) The Determination of 
Properties and Their Dependence on Structure 

The field covered by this book is the 
Boas’ “Physics of Metals and Alloys” 


ddressed, however, is entirely different The 


Alloys 


Sane 
the type « he reader to 
which it is wuthor 


writes in the preface The object of this monograph is to pro- 


of the structure of metals and 


ly 


vide the simplest possible picture 


illovs and its relations to the mechanical prope ivoid- 


ing any resort to mathematical considerations uthor has 


necessarily glossed over many of the finer points ar is | to 
spects of 


rather superficial approach t 
this has 


be content with a 
the subject. The 


tion, which 


result of perhaps ‘ mplifiea- 


ized by the serious student phys- 


will be recog 
metals: he may 


effort o 


ics ol even recognize inaccu 


d fron he avoid 
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iis not the reader to whom the b« 
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phenomena described is ol 


ial treated in its 123 text pag 
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the student or the interested la 
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source of 
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R17 XK 107% gram; the 
number and relative atomic mass are given as N and Z, instead 


On page 17 dendritic crystallization 


conventional symbols for atomic 


of Z and A, respectively. 
is said to occur when the temperature gradient in the melt is 
small, and to be “due to the fact that it is easier for atoms to 
freeze on to some types of planes of atoms on the crystals than on 
others.”” Some of the figures, e.g., fig. 39 and fig. 83, show similar 
shortcomings 


Steam Turbines 


Sream Turpines anp Tuer Cycies. By J. Kenneth Salisbury 
John Wiley and Sons, Inc., New York, N. Y., Chapman and Hall, 
Ltd., London, England, 1950. Cloth, 5*/, X 9 in., illus., figs., 
tables, exercises, appendix, bibliography, index, xvi and 645 pp., 
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"THIS book is unique among works on steam turbines inasmuch 
as it gives a thorough, complete, and up-to-date exposition of 
In this re- 
In the 
reviewer's opinion it is unfortunate that this particular feature 
of the book is not better emphasized in the title. 
Salisbury’s book belongs into the working library of every 


the regenerative or feedwater-heating power cycle. 
spect it fills a long existing gap in power-plant literature. 


power-plant engineer, turbine designer, and steam-application 
engineer. 

The text is organized in four parts. 
250 pages, entitled ‘‘Fundamentals of Turbine Design,” covers the 
fundamentals of steam flow through turbines with emphasis on 
the characteristic properties needed in cycle analysis. The au- 
thor here is attempting to explain fundamental thermodynamic 
concepts in elementary language. One might argue about the 
value of a philosophically rigid presentation of thermodynamics 
to practicing power-plant engineers and accept a “practical” 
A little more liberal 


Part one, approximately 


treatment avoiding formal mathematics 
use of clean-cut mathematical equations, however, would have 
made the explanation of some of the turbine characteristics less 
cumbersome and the text would be easier to use as a reference in 
practical work. 

Parts two, “The Regenerative Cycle,” 

Cycle Analysis,’ 200 pages, are those which make the book out- 
Here the mod- 
After 


explaining the conventional method of heat-balance calculation, 


90 pages, and three, 


standingly valuable to the power-plant engineer. 
ern regenerative steam-power cycle is analy sed in detail. 


the author presents a useful short-cut method which allows a 
rapid evaluation of feed-heating cycles. The method is based on 
the concept of an “ideal” cycle containing an infinite number of 
heaters, each with zero terminal temperature difference and no 
pressure the feedwater to the saturation en- 
thalpy correspon ling to the turbine throttle pressure. Perfor- 
given of the ideal cy: le for all steam con- 
The correction to be applied to the 


which heat 


losses, 
man eurves are 
ditions of practical interest. 
theoretical performance values to obtain the performance of the 
ictual cycle is rationally analyzed, taking into account the indi- 
vidual effects of the finite number of heaters, heater spacing, ex- 
traction-line pressure drops, terminal temperature differences, 
types of heaters, heater arrangement, turbine exhaust loss. Of 
particular value in the author’s calculation method is the fact 
that the relatively small, but economically important, over-all 
effect from a change in a single-cycle component can be deter- 
mined directly and accurately while in the conventional heat bal- 
ance this effect must be found with great labor and as the differ- 
ence of two large quantities 
analyzed are 
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generator coolers in the condensate circuit, introduction of ex- 
ternal steam and water, boiler feed-pump power, liquid compres- 
sion. The reader will greatly weleome the many well-presented 
numerical examples demonstrating the application of the calcu 
lation methods to the most widely used cycle arrangements 

Part four, ‘Application Engineering,” 60 pages, gives a brief 
description of the construction details of modern steam turbines, 
illustrated by photographs and cross sections, all of designs by 
the General Electric Company. Of considerable value is a set of 
curves on steam rates and heat rates of medium size to large size, 
500 to 100,000 kw, central-station turbines and industrial turbines 
While all these data refer specifically to turbines of General Flec- 
tric design they are representative of modern practice. 

There is an appendix containing an abridged reproduction of 
the “Theoretical Steam Rate Tables,” by Keenan and Keyes; a 
reproduction of selected portions of the large Mollier steam chart 
of the ASME; an abridged reproduction of the Keenan-Keyes 
Tables ted and satu- 
rated steam 

The reviewer feels obliged to call particular attention to some 
115 curves and 25 tables, besides those of the appendix, contain- 
ing an enormous amount of useful data which to produce required 
thousands of man-hours of work and the background of an ex- 


Steam 1936, of the properties of superhe 


pert’s lifetime of practical experience in the steam-power field 
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" “HIS book contains papers with discussions which were pre 
a symposium held jointly by the British Rheolo- 
gists’ Club and the Manchester and District Branch of the 
Institute of Physics in Manchester from June 29 to July 1, 1950 


The book consists of two parts and is arranged as follows 


sented at 


four 
papers are in the first group, “Hydrodynamic Lubrication and 
Lubricants,” and fourteen 
second group, ‘Boundary ayer and Extreme Pressure Lubri- 
The first part begins with a short survey of the hydro- 


the Rheology of : papers are in the 


cation.’ 
dynamic lubrication followed by the rheology of lubricant films, 
viscosity of lubricating oils at high rates of shear, and lubircatior 


of textiles 
decrease of the viscosity at rates of shear up to4 X 10° units per 


Of particular interest is the article pertaining to the 


second, 

An article on boundary and extreme-pressure lubrication serves 
is an introduction to the second part of the booklet. Some of 
the titles of articles presented below indicate the scope and gen- 
eral content of that part of the symposium. Boundary 
lubricant films, lubrication 


laver, 
scuffing temperatures of boundary 
with materials in the solid state, with metallic soaps, and with 
long-chain organic compounds, study of boundary lubrication by 
electron diffraction and electrostatic component of the 
Of particular interest are the two articles in 


senna of 
force of frietion 
wl ich 

iid of radioactive tracers and radioactive metals, 
spreading behavior and lubricating properties 
The closing paper of this part is an article on the 


adsorption and surface damage are investigated with the 
There is also 
in article on the 
of mixed liquids 
effect of lubrication on friction, wear, and abrasion 

The booklet is well illustrated by numerous photographs 
sketches, and graphs. It undoubtedly will be of great interest to 
those engaged in theoretical and practical problems of lubricatior 
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